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Abstract— A path planning in the space of multinominals
integrated into a model predictive control mechanism for
driving formations of autonomous mobile robots is presented
in this paper. The proposed approach is designed to stabilize
the formations in desired shapes, and to navigate the group
into a final position in a partly known environment with
dynamic obstacles. In addition, the system provides inter-vehicle
coordination and collision avoidance in the event of failure
of a team member. The method is aimed at reaching the
final position of the formation in the desired shape, but it
enables to change temporarily this shape if it is enforced by the
environment (in narrow corridors, on response to an impending
collision with obstacles and faulty team members, etc.). This
autonomous emergent behaviour increases the robustness of
the system and its usability. It enables a proper compromise to
be found between the formation driving requirement and the
effort to fulfil the mission objective, i.e., to move the group from
the current state into the required position. In the paper, the
convergence of the method and the requirements for stability
are shown on the basis of the results of the Lyapunov theorems
of stability. These theoretical achievements imply constraints on
the applicability of the system, which are verified in numerical
simulations and in various tests with real autonomous robots.
The performance of the entire system and of independent subsystems in various formation driving scenarios is also shown in
these tests.
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I. I NTRODUCTION
The deployment of large, closely cooperating multi-robot
systems in complex environments increases the number of
possible applications of mobile robots, and often significantly
improves the performance of the robotic systems that are
employed nowadays. To fully exploit all benefits of multirobot systems, new advanced techniques for autonomous
coordination and control of particular team members are
required, with a particular focus on robustness. In fact,
multi-robot systems should achieve the same performance
in terms of speed and smoothness of their movement in
dynamic real-world environments as single robots deployed
in the same application, but with increased reliability due
to possible redundancy of the vehicles. Especially appealing
and effective tools for solving these issues are techniques
designed for stabilization of robots in a formation (formation driving methods), which significantly simplify interThe authors are with the Dept. of Cybernetics, Faculty of Electrical
Engineering, Czech Technical University in Prague. Technick 2, 166 27
Praha 6 ∗ saskam1@fel.cvut.cz

vehicle coordination and reduce possibility of collisions
within closely cooperating teams.
The aim of this paper is to take advantage of the explicitly determined linkages in the leader-follower technique of
the formation driving approach, and to develop a complex
system that enables fast and smooth movement of robotic
teams stabilized in a compact shape. The proposed system
should enable navigation and stabilization of formations
of predefined shapes, together with abilities to change the
formation structure temporarily if it is enforced by the workspace of robots (e.g. in a constrained environment, in narrow
corridors, by dynamic obstacles) or by a faulty robot within
the team (i.e. inter-vehicle collision avoidance).
The idea presented here is based on the unique integration
of a spline-path planning mechanism with a Model Predictive Control (MPC) technique, both suited for requirements
of nonholonomic mobile robots. This approach enables to
achieve motion performance of the multi-robot system that
touches the limits of motion capabilities of individual robots
that are moving independently, even if the multi-robot system
is constrained by the desired relative positions between the
team members. Fast and fluent movement of the group of
robots is enabled due to the spline-path planning mechanism,
which is integrated into the formation stabilization and control, and which respects the current motion constraints of the
formation. The obtained plan is feasible for the entire group,
and for all robots following their desired positions within
the formation of a given shape. Then the MPC control and
stabilization method responds only to disturbances caused by
imprecise sensors and actuators, and to the dynamics of the
environment (e.g. dynamic and later detected obstacles).
Another advantage of the proposed method is the possibility to make an explicit analysis of the stability of the
system and to define required properties of the system
performance (mainly limits on uncertainties of sensors and
actuators) that guarantee convergence of the system into the
final equilibrium (the desired position of the formation).
The requirements on the abilities of the deployed robots
can be specified prior the mission on the basis of this
theoretical work. These requirements are necessary for the
deployability of the system in emergent applications, where
the reliability and the predictability of its behaviour are
crucial. In this paper, we present a proof of convergence
inspired by Lyapunov stability theory, which enables explicit
specifications of limits on the disturbances allowed for the
robotic system in the given task.

II. S TATE - OF - THE - ART METHODS AND PROGRESS
BEYOND CURRENT FORMATION DRIVING APPROACHES
A. Stabilization and control of formations of mobile robots
Algorithms for formation stabilization and for formation
control along a predefined path or into a desired location
can be divided into three main categories: virtual structures
[1], [2], behavioral techniques [3], [4], and leader-follower
methods [5], [6], [7], [8], [9]. We apply the leader-follower
approach, which is frequently used in applications for carlike robots. A virtual leader is used in our method, and all
robots in the formation act as followers. This approach increases the robustness of the system, since in case of a failure
of any robot, the remaining team members can continue with
their task without the need to select an alternative leader.
Two main tasks are investigated in the literature dealing
with formations of mobile robots. In formation stabilization
[6], [1], a group of independently moving robots is aimed
at merging into a formation of a given shape (with predefined relative positions). The second task investigated in
the literature is formation driving into a predefined location,
which is also the main problem addressed in this paper. This
task usually starts if the formation is already stabilized in its
fixed shape. Then the formation is controlled along a predefined or pre-planned path [5], [10] (as is proposed in the
leader-follower scheme in this paper) or trajectory planning
is integrated into the motion control [11], [12].
The most relevant and the most up-to-date works that can
be considered as state-of-the-art methods for leader-follower
based path planning and trajectory tracking are presented
in [10] and [8]. The work in [10] is focused mainly on
formation stabilization and on following a simple desired
path only in plane environments without obstacles. This work
does not consider any possibility of temporarily changing
the desired shape of the formation as is proposed here. The
problem of motion planning in excessively narrow corridors
for a formation of ideal holonomic robots that keeps its
desired shape is investigated in [8]. The authors introduce a
leader-follower concept with priorities defined for each of the
followers. The formation is then able of adapting its shape
based on the environment constraints. Our work goes beyond
this paper in several aspects. The proposed method is designed for use in dynamic environments with the possibility
of fast MPC replanning when minor changes are detected in
the proximity of the robots, and complex path replanning,
which is employed if the structure of the environment is
changed significantly. The decomposition of the planning
into two control loops with different rates also enables to
efficiently deal with failures of robots and uncertainties of
their sensors and actuators as it is shown in the experimental
part of the paper. In addition, the contribution of the paper
is the possibility of specification of the requirements for
convergence into the desired equilibrium prior to the mission
on the basis only of the initial plan. This is crucial mainly in
safety critical applications, in which the task of the formation
cannot be interrupted during its motion.

B. Path planning techniques designed for formation driving
Various path planning techniques, including potential field,
vector field histogram, visibility graph, occupancy grid,
Voronoi diagram, rapidly-exploring random trees, road maps,
and many others, can be found in the literature (see [13], [14]
for an overview). Algorithms for path planning in the space
of splines are often designed for unmanned aerial vehicles,
since they enable demanding requirements on smooth movement to be satisfied, which is crucial for fast airplanes [15].
Unfortunately, existing spline path planning methods are
rarely applicable for car-like robots or even for formations
with the possibility of changing their shape if necessary due
to environment constraints. The contribution of our paper
is the method that enables to find a proper path even in
situations where a feasible solution for a formation with a
fixed shape does not exist or is too expensive (the feasible
path is for example too long). This provides a possibility
to achieve a compromise between two mission objectives:
stay in the desired formation as long as possible, and reach
the desired state in a shortest time. Besides, as is shown
in [16], continuous second derivative, which is held in a
string of cubic splines in the proposed approach, is necessary
for designing smooth manoeuvres of formations of car-like
robots defined in curvilinear coordinates. It provides the
possibility of smooth alternation between different shapes of
the formation, which may be required by constraints imposed
by the neighbouring environment.
C. MPC based methods in formation control
Receding Horizon Control (RHC), also known as Model
Predictive Control (MPC), is especially appealing for involving physical (mobility) constraints, environment constraints
(obstacles) and constraints of inter-vehicle relations (changing shape of the formation) into the formation stabilization
method. In addition, MPC provides a proper level of cognition, which is given by frequent replanning, and adaptation to
a changing environment. A detailed survey of MPC methods
can be found in [17] and in references reported therein. Various MPC techniques have been presented in the formation
driving literature, mainly for solving the task of stabilization
of robots into a desired shape of the formation [18], [19],
[20], [21], [22], [23], [24], and some of them also for tracking
a given path by an already stabilized formation [25], [26],
[27].
The most relevant and recent work using an MPC-based
method for formation path tracking along a predefined path
is presented in [26] and [25]. The approach in [26] enables
formations with time-varying shapes to be maintained, but
it requires a plane environment without obstacles, and it
is tested only with simple circular paths. In addition, it
is designed for omnidirectional robots, and it would be
difficult to extend the formation driving approach in [26] to
satisfy the constraints imposed by car-like robots. In [25], an
MPC strategy is enhanced with a potential field function to
derive feedback control based on time-varying interconnections between neighbours. In comparison with our work, the
method in [25] deals mainly with the time-varying topology

of the formation, since followers are maintained behind
their leader on the basis of a sum of potential fields. It is
therefore hard to specify (or even predict) their positions
within the formation. It would be difficult to change the
approach for stabilizing a rigid formation with predefined
shapes, as is proposed here. In addition, our method goes
beyond the MPC state-of-the-art and brings contribution in
aspects of responding to dynamic obstacles, fault recovery,
inter-vehicle collisions, autonomous changes of the shape
of the formation regarding the surrounding environment,
the integrated motion constraints of car-like robots, and the
incorporated path planning in space of multinomials, which
increases the employability and the reliability of the system.
The paper is organized as follows. After a brief description of the state-of-the-art methods that are used and the
terminology necessary for understanding the proposed novel
approaches, a scheme of the complete system is presented.
In Section V, the novel path planning method for navigating
the formation to a target is described together with some
numerical tests. The formation stabilization method based
on model predictive control is described in Section VI. This
section consists of a novel control approach for manoeuvring
the formation with proof of convergence of the system to
the desired equilibrium and the adapted method for formation stabilization. Finally, Section VII presents simulations
and hardware experiments verifying the applicability of the
system.
III. P RELIMINARIES
A. Definition of the problem
In this paper, a problem of autonomous movement into
a desired goal position by a formation of nr nonholonomic
mobile robots is tackled. It is assumed that the formation
keeps a desired shape with defined mutual distances between
the robots during its movement. However, the system must
enable temporary changes in the formation shape if necessary
due to constraints specified by the structure of the environment (e.g. during movement through doors and in narrow
corridors). Each follower should also be able to move out of
its desired position within the formation to avoid collisions
with dynamic or later detected obstacles, and to avoid mutual
collisions with other team members. However, the temporary
change of the formation shape must be properly penalised to
ensure that solutions to the problem without the necessity to
modify the formation shape are preferred.
It is assumed that the map of the environment is partly
known for both sub-problems that are tackled, for initial
path planning feasible for the formation, and for subsequent
motion control. In the experiments presented here, only a
basic structure of the workspace (e.g. walls and borders of
the workspace) is known, and obstacles inside the map are
considered as unknown and may be dynamic. We assume
that the robots in the formation are equipped with sensors
for obstacle detection and for detecting of neighbours. In the
experiments in this paper, the global position of all objects in
the arena is detected by an external positioning system [28].

Nevertheless, we model sensing abilities of robots as omnidirectional range-finders with a limited range to achieve a
realistic behaviour of the system, where unknown obstacles
are detected only in proximity of robots (see section VII for
details).
Since the proposed method relies on the virtual leaderfollower concept, it is assumed that a virtual leader is placed
in front of the formation, and its centre lies on the axis
of the formation (see Fig. 1 for a demonstration of the
virtual leader-follower concept). The formation stabilization
and control algorithm is distributed, and each of the followers
is equipped with sufficient computational power to compute
its actual control inputs under the MPC scheme. One or
several robots (to enable redundancy) carry the additional
computational power required for control of the virtual leader
and for the spline-path planning method that provides a path
feasible for the entire formation. Formation navigation is
then achieved by moving the virtual leader along the planned
path under the MPC scheme. The desired trajectory for all
followers is transformed from the plan of the virtual leader,
which stabilizes the entire formation in the given shape. The
aim of the proposed method is therefore to guide the virtual
leader and consequently the entire formation from the current
state ψS of the virtual leader into its goal state ψG .
B. Mathematical model and motion constraints
Let ψj (t) = {xj (t), yj (t), θj (t)} ∈ C, where j ∈
{1, . . . , nr , L}, denote the configuration of each of nr followers and a virtual leader L at time t. The Cartesian
coordinates xj (t) and yj (t) define the position p̄j (t) of the
j-th robot Rj and θj (t) denotes its heading. Let us assume
that the environment of the robots contains a finite number
n0 of compact obstacles collected in set Oobs . Finally, we
need to define a circular detection boundary with radius rs
and a circular avoidance boundary with radius ra , where
rs > ra , around each robot. The zone with radius rs
defines the area in which the motion planning method should
respond to appearance of obstacles. No follower should
respond to obstacles detected outside this area, since distance
between robots and obstacles bigger than rs is considered as
sufficient. Distance between robots and obstacles less than
ra is considered as inadmissable, which means that no robot
can approach to an obstacle closer than this value due to a
high risk of a collision. If an obstacle appears in the annulus
bordered by the concentric circles with radius ra and rs ,
the obstacle avoidance mechanism described in this paper is
applied.
For each robot Rj , where j ∈ {1, . . . , nr , L}, we
use a simple nonholonomic kinematic model: ẋj (t) =
vj (t) cos θj (t), ẏj (t) = vj (t) sin θj (t) and θ̇j (t) =
Kj (t)vj (t). Velocity vj (t) and curvature Kj (t) represent
control inputs ūj (t) = {vj (t), Kj (t)} ∈ R2 .
Let us define the time interval ht0 , tN i containing
N + 1 elements of nondecreasing moments T (t0 ) :=
{t0 , t1 , . . . , tN −1 , tN }, such that t0 < t1 < . . . < tN −1 <
tN . A controller for robot Rj starting from configuration ψj (t0 ) is then defined as Uj (t0 ) := {ūj (t0 ; t1 −

t0 ), ūj (t1 ; t2 − t1 ), . . . , ūj (tN −1 ; tN − tN −1 )}. Each element
ūj (tk ; tk+1 − tk ), where k ∈ {0, . . . , N − 1}, of Uj (t0 ) is
held constant in the time interval htk , tk+1 ). The constant
length of each control element is denoted as ∆t.
Let us integrate the kinematic model over a given interval
ht0 , tN i. As has been mentioned, in this interval the control
inputs are constant in each segment htk , tk+1 ), where k ∈
{0, 1, . . . , N − 1} (from this point we may refer to tk using
its index k). By integrating in this way, we can obtain the
following model for the transition points at which the control
inputs change:
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 Kj (k + 1)vj (k + 1)∆t) −
yj (k + 1) =
cos (θj (k))] , if Kj (k + 1) 6= 0;



yj (k) + vj (k + 1) sin (θj (k)) ∆t,


if Kj (k + 1) = 0
θj (k + 1) = θj (k) + Kj (k + 1)vj (k + 1)∆t,

(1)

where ψj (k) = {xj (k), yj (k), θj (k)} is the configuration at
the transition point with index k. Control inputs vj (k+1) and
Kj (k + 1) are extracted from ūj (k + 1) := ūj (tk ; tk+1 − tk )
at the time with index k + 1.
The control inputs are limited by the chassis and engine
of each vehicle, which define its mechanical capabilities.
These constraints are taken into account for each robot
Rj , limiting its control inputs by the following inequalities:
vmin,j ≤ vj (k) ≤ vmax,j and |Kj (k)| ≤ Kmax,j , where
vmax,j is the maximal forward velocity of the j-th vehicle,
vmin,j denotes the limit on backward velocity and, Kmax,j
denotes its maximal control curvature.
C. Virtual leader-follower scheme
As was mentioned in the introduction, the proposed approach relies on the well known leader-follower concept. In
particular, the proposed method is derived from the formation
driving approach presented in [16], in which followers are
maintained at a relative distance from a virtual leader in
curvilinear coordinates with two axes, p and q. Axis p is
defined along the path of the leader (in fact, it traces the
passed trajectory of the virtual leader) and q is perpendicular
to p, as is shown in Fig. 1. The positive direction of p is
defined from the position of the virtual leader back to the
origin of its movement, and the positive direction of q is
defined in the left half plane from the perspective of the
robots in the formation.
The position of the i-th follower relative to the actual
position of the virtual leader and consequently the mutual
positions between the follower and its neighbours is defined
by parameters pi and qi , which are constant in the presented
experiments, but in general may vary for each follower
during the mission if this is required by the application.

Fig. 1. A formation described by curvilinear coordinates p and q. The
formation consists of 6 followers and a virtual leader, denoted by symbol
L. The picture shows the formation in a curve and the same formation
following a straight line (the shadow contours).

Based on these predefined parameters, the shape of the entire
formation is uniquely determined by the states ψL (tpi ) =
{xL (tpi ), yL (tpi ), θL (tpi )}, i ∈ {1, . . . , nr }, in travelled
distance pi from the actual position of the virtual leader
measured along its path and by the offset distance qi between
the position of the virtual leader and the position of the i-th
follower measured in the perpendicular direction from the
passed trajectory of the virtual leader. tpi is the time when
the virtual leader was at the travelled distance pi behind its
current position.
Using this definition of the formation, the following equations can be applied to convert the states of followers in
curvilinear coordinates to states in rectangular coordinates:
xi (t) = xL (tpi (t) ) − qi (tpi (t) ) sin(θL (tpi (t) ))
yi (t) = yL (tpi (t) ) + qi (tpi (t) ) cos(θL (tpi (t) ))

(2)

θi (t) = θL (tpi (t) ).
D. Model predictive control
The core of the proposed method, which is designed
for stabilization and control of nonholonomic formations,
is Model Predictive Control (MPC). In the MPC scheme,
the control task is transformed into an optimization with
constraints imposed by a model of the controlled system.
The optimization solves a finite horizon optimization control
problem starting from current state ψ(t0 ) of the controlled
system (the virtual leader or one of the followers, in our
case) over the time interval ht0 , t0 + N ∆ti, called the control
horizon. The result of the MPC method is then an optimal
trajectory defined by N transition points and constant control
inputs between them. The optimization is initialized in each
control step based on the solution obtained in the previous
MPC step.
In each MPC step, once a solution of the optimization problem is obtained, only the first n vectors of the
computed control inputs are applied to control the system.
This interval ht0 , t0 + n∆ti is called the receding step. The

optimization process is then repeated on a new interval
ht0 + n∆t, t0 + N ∆t + n∆ti as the finite horizon moves
by the time horizon with length n∆t. Too long interval
n∆t between MPC steps decreases response of the system
(the formation and the particular robots in the formation
in our case) to dynamic and newly detected obstacles, and
increases its osculations around the desired path. On the
contrary, the length n∆t determines maximum time required
for the optimization process, which duration depends on
the available computational resources, complexity of the
environment, employed optimization method, etc. Therefore,
a proper value of parameter n needs to be chosen so that
the length of the interval n∆t is greater or equal to a
minimum time required for finding a sufficient result of the
optimization in each MPC step. Details on the MPC approach
and a sketch of guidelines for its correct implementation may
be found for example in [23].
IV. S YSTEM OVERVIEW
The presented formation driving system is proposed as
a sequence of planning and optimization mechanisms that
are sketched in the scheme in Fig. 2. In the first block
Path planning feasible for the formation, the novel spline
path planning method adapted for the purposes of formation
driving is employed for finding a path to guide the group
into its desired state (see Section V). The planning process is
constrained to obtain a plan which is feasible for all robots
in the formation keeping the desired shape. The aspect of
feasibility and the mentioned constraints are described in
Section V. This highest level planning loop may have a
significantly slower update rate. It should respond only to
notable changes in the robot workspace, i.e., mainly if some
structural changes to the map are detected.
The plan that is obtained (the feasible spline-path) acts
as an input for the MPC path following (leader) block.
This block provides control inputs for the virtual leader. It
enables to follow the desired path by the entire formation
without colliding with unforeseen obstacles (see Section VIA). This control loop is much faster than the planning
loop. It responds to deviations of the formation from the
desired position due to actuator and sensor uncertainties. The
trajectory obtained in this block is described by a sequence of
configurations (transition points) of the virtual leader ψL (k),
k ∈ {1, . . . , N }, and by constant control inputs ūL (k) that
are applied in between the transition points.
This trajectory is used as an input for the Formation
Driving module, where the plan obtained for the virtual
leader is transformed to the desired configurations of all
followers. In the Formation Driving block, the trajectory of
the leader (states and control inputs) is adapted for each
of the followers using the desired shape of the formation
described in curvilinear coordinates (details on this transformation are described in Section III and in eq. (2) therein).
Let us highlight that all the above-mentioned blocks can
be physically located on any sufficiently equipped follower
within the formation. This approach increases the robustness
of the system, since in the event of failure of the robot that is

Fig. 2. A diagram of the entire formation driving system based on following
a preplanned path. Outputs of each particular block are highlighted in red.
o1 and o2 are static obstacles that are known from the beginning of the
planning process. o3 denotes an obstacle unknown during planning for the
virtual leader and detected later before the planning for followers. The plan
of follower 1 therefore deviates from its desired trajectory.

currently providing the computational power for computing
the control inputs of the virtual leader, the same algorithm
can be re-started on a backup robot and the formation can
continue with accomplishing its task.
The transformed trajectory of the virtual leader is used as a
desired reference in the MPC trajectory following (follower
i) module for obtaining control of the i-th follower. This
block is designed to obtain appropriate collision-free control
inputs of the vehicle (see Section VI-C). It is responsible
for avoiding impending collisions with obstacles or with
other members of the team, and it corrects deviations from
the desired trajectory provided by the virtual leader that
are caused by uncertainties of actuators and sensors. As is
common in the MPC approach, only the first n components
of the obtained solution are applied to the real system.
If later changes detected in the environment do not influence the feasibility of the spline path, the MPC process is
restarted in the next MPC step in the MPC path following
(leader) block, using the former spline path. In the next MPC
step, the control inputs of the virtual leader are planned from
its state ψL (n)◦ (the notation ·◦ denotes the solution of the
optimization process obtained in the previous control step).
If a notable change in the environment is detected, which
negatively influences the feasibility of the plan obtained in
the initial path planning, the Path planning task is restarted.
It can be simply tested using values of the fitness function
described in eq. (3), whether the spline-path is feasible for
the given formation.
As has been mentioned, only the first n samples of
solutions of the MPC optimization are implemented in the
controller of the robots. The rest of the solution can be “recycled” for initialization of the path following and trajectory
tracking in the next MPC step. Initialization of this kind
decreases the computational demands for the optimization,
since the plans need to be significantly altered only if the
local proximity of the formation is markedly changed, or if
a new result of the Path planning module is received.
Only two communication channels are required in this
concept. The transformed trajectories obtained as output of
the Formation Driving block, which is physically realized
onboard of the robot designated to take computational load
of virtual leader planning, are distributed within the formation. Contrariwise, information about obstacles detected by
particular robots is sent back to the virtual leader, where
it is fused into a unique map using a state-of-the-art distributed mapping technique. Therefore, the communication
load grows only linearly with number of the robots in the
formation, which is advantageous in case of large teams.
V. PATH PLANNING FOR VIRTUAL LEADERS
In this section, let us describe the first block, called
Path planning feasible for the formation, in Fig. 2. In the
proposed method, the required path ϕ(·, ·), which is feasible
for the formation, is determined as a sequence of ñ splines
ϕ(k, ·) ∈ C 1 , k ∈ {1, . . . , ñ}, connecting the initial (current)
position of the virtual leader, denoted as p̄L (0), and the
desired position (the goal), denoted as p̄L (ñ). C 1 represents

a set of cubic splines, i.e. splines of order 3. Let us postulate
a smooth first and second derivative in the connections of the
splines, which is crucial for achieving smooth movement of
the formation of nonholonomic mobile robots as required in
this work.
Let us describe the k-th cubic spline in the string as
ϕ(k, s) = Ak s3 + Bk s2 + Ck s + Dk , where s ∈ h0, 1i and
constants Ak = 2pL (k − 1) − 2pL (k) + p0L (k − 1) + p0L (k),
Bk = −3pL (k − 1) + 32pL (k) − 2p0L (k − 1) − p0L (k) + 1,
Ck = p0L (k − 1), Dk = p0L (k). In the entire string of
ñ splines, parameters pL (0), p0L (0), pL (ñ) and p0L (ñ) are
determined by the known initial and desired states of the
formation, and consequently by the position and the heading
of the virtual leader. The parameters p̄0L (k), k ∈ {1, . . . , ñ −
1}, are determined by considering the requirements on a
smooth first and second derivative in the connections of the
splines. Therefore, path planning may be considered as an
optimization problem in space R2(ñ−1) with optimization
−
−
x = [p̄L (1), · · · , p̄L (ñ − 1)]. Vector →
x uniquely
vector →
describes the entire path for the virtual leader consisting of
ñ polynomials.
The path planning problem can then be transformed to
−
minimization of a cost function f (→
x ). In the proposed
approach, all constraints due to the required shape of the
formation and due to the motion capabilities of particular
robots within the formation are directly included in the cost
function. Integration of constraints given by the formation
directly into the cost function leads to the optimization with
multiple objectives as follows:
−
−
−
−
f (→
x ) = flength (→
x ) + αfdis (→
x ) + βfrad (→
x ).

(3)

The influence of each of the objectives is adjusted by
constants α and β. The values of these constants depend
on the particular application of formation driving. In some
applications, shorter paths are preferred at the expense of
shorter distance to obstacles and sharper turns. In other
scenarios, fluent and safe movement far from obstacles may
be preferred, etc. The setting α = 0.1 and β = 10 is used
in the experiments presented in this paper, which results in
smooth paths without any aggressive turning at a sufficient
distance from any obstacle.1
−
The first term flength (→
x ) of the cost function represents
the length of the path, which can be simply analytically
computed as

−
flength (→
x)=

ñ Z1 q
X
(ϕ0x (k, s))2 + (ϕ0y (k, s))2 ds. (4)
k=1 0

1 The proposed approach is not sensitive to a proper values of α and
β, which can be simply adjusted during initial setup of the system,
and their adaptive setting is usually not necessary. Any online tuning of
these parameters requires multiple runs of the optimization and consequent
automatic evaluation of obtained results, which would dramatically increase
time complexity of the method. In this case, another approach to multiobjective optimization (e.g. one of the methods proposed in the second
chapter of [29]) would need to be applied but this is beyond the scope of
this paper.

The length of the path is used as the optimization objective
here, since it can be simply analytically computed, which
speeds up the cost function evaluation that needs to be done
in each optimization step. The total time to the goal and
energy consumption, which may be more relevant criteria,
depend on control inputs designed for stabilizing the robots
in the formation, and it is therefore more efficient to consider
these factors in the model predictive control discussed in
Section VI-A.
−
The second term fdis (→
x ) penalizes paths that are close to
an obstacle:

Function pr (r(ϕ(·, ·))) is defined as
pr (r(ϕ(·, ·))) := 0,

pr (r(ϕ(·, ·))) := prF , if rr < r(ϕ(·, ·)) < rf ,
where
rr =

Function d(ϕ(·, ·), Oobs ) returns the minimal distance of the
path from the closest obstacle. Function pd (d(ϕ(·, ·), Oobs ))
is defined as follows:
pd (d(ϕ(·, ·), Oobs )) := 0,

if d(ϕ(·, ·), Oobs ) > ra,L ,

pd (d(ϕ(·, ·), Oobs )) := pdF , if ra < d(ϕ(·, ·), Oobs ) < ra,L ,
pd (d(ϕ(·, ·), Oobs )) := pdF + pdR , if d(ϕ(·, ·), Oobs ) < ra .
(6)
This function penalizes solutions by a penalty value pdF if
the minimal distance to the closest obstacle is lower than
the threshold ra,L . Such solutions would lead to a collision
of followers with obstacles if they are to keep their desired
positions within the group, but obstacle avoidance can be
ensured by temporarily shrinking the shape of the formation.
This is advantageous in situations in which there is no free
path for the whole formation in the desired shape, and in
which such a temporary change in the formation shape is
allowed. If the minimal distance from the path ϕ(·, ·) to the
closest obstacle is lower than the threshold ra , a penalty pdR
is added to the cost of the solution. Distances between the
path and an obstacle smaller than ra are not acceptable even
for a single robot, and therefore solutions with a cost function
value greater than pdR are considered infeasible in this
system. These solutions cannot be corrected by subsequent
formation shrinking.
−
The third term frad (→
x ) of the cost function penalizes
paths with a small turning radius, which is important for
satisfying the constraints of the employed formation driving
approach, which will be introduced in Section VI. In a
similar way as the second term, also the third term is
designed with a piece-wise constant penalty function, as
follows:
−
frad (→
x ) = r(ϕ(·, ·))−2 + pr (r(ϕ(·, ·))).

(7)

Function r(ϕ(·, ·)), which returns the minimal radius along
the whole path, is defined as

r(ϕ(·, ·)) =

min

min

k∈{1,...,ñ} s∈<0;1>

ϕ0x (k, s) ϕ0y (k, s)
ϕ00x (k, s) ϕ00y (k, s)
(ϕ0x (k, s)2 + ϕ0y (k, s)2 )

3
2

.
(8)

max

i={1,...,nr }

−1
Kmax,i

(10)

and
rf = max

(5)

(9)

pr (r(ϕ(·, ·))) := prF + prR , if r(ϕ(·, ·)) < rr ,


−
fdis (→
x ) = d(ϕ(·, ·), Oobs )−2 + pd (d(ϕ(·, ·), Oobs )).

if r(ϕ(·, ·)) > rf ,

max

τ ∈ht,tf i

−1
Kmax,L
(τ ), −



min

τ ∈ht,tf i

−1
Kmin,L
(τ )

.

(11)
The solutions that satisfy the inequality r(ϕ(·, ·)) > rf along
the whole path are feasible for the formation keeping the
desired shape. If the minimal radius r(ϕ(·, ·)) along the path
is in the interval rr < r(ϕ(·, ·)) < rf , the formation can
follow the desired path but at the cost of a temporary change
in the shape of the formation. This is ensured by the fact that
the limitation on radius rr satisfies the motion constraints of
all robots in the formation. In the limit case r(ϕ(·, ·)) = rr ,
the positions of followers within the formation have to
be changed into a column shape, which means that the
robots directly follow the trajectory of the virtual leader. The
necessity to shrink the formation is additionally penalized by
the constant value prF . Radius r(ϕ(·, ·)) smaller than rr is
not acceptable even for a single robot, and these solutions
are penalized by adding prR to the final cost.2
The last issue that needs to be discussed concerning
the path planning block of the proposed formation driving
method is the complexity of the obtained solution. It is obvious that solutions with a small number of splines ñ, which
correlates linearly with the dimension of the optimization
space, are found faster, but that a collision free path may not
exist in such a limited space or the quality of the solution
is not sufficient if the workspace is too complicated. It is
hard to decide on proper value of ñ, which needs to be
specified prior to the planning, using only vague information
on environment complexity. In addition, the path planning
task in a complex environment may require an excessively
large dimension of the search space, which does not allow
optimization results to be achieved in a reasonable time.
We described a solution for such a problem in [30], for
path planning of a single nonholonomic robot. The proposed
method is based on hierarchical decomposition of the path
that is being optimized, which solves both problems: 1) It
significantly reduces the problem complexity. 2) It enables
to add iteratively splines in the part of the path where this
is required by the environment complexity. It was shown in
[30] that the method enables the overall computational time
to be decreased from tens of minutes to fractions of a second
in an environment with thousands of known obstacles.
2 We should mention that the optimization is not sensitive to the exact
values of the penalizations, but the penalty values should significantly
influence the final cost. Values prf = 10, pdr = 100, pdf = 10, and
prr = 100 were used in the experiments presented in this paper.

VI. F ORMATION DRIVING
A. Virtual leader trajectory planning and control
Let us now describe the second block in Fig. 2, MPC
path following (leader), where the trajectory planning and
control approach is designed for following the path found
in the space of multinomials by the approach presented
in Section V. The aim of the MPC-based method is to
find a control sequence for steering the virtual leader along
the desired path by minimizing a given cost function. By
applying this concept, the group is able to respond to changes
in the workspace, which can be dynamic or newly detected
static obstacles.
Let us gather states ψL (k), where k ∈ {1, . . . , N }, into
vector ΨL,N ∈ R3N and control inputs ūj (k), where k ∈
{1, . . . , N }, into vector UL,N ∈ R2N to define the trajectory
planning problem in a compact form. Then, all variables that
describe the trajectory of the virtual leader can be collected
into a unique optimization vector ΩL = [ΨL,N , UL,N ] ∈
R5N . In the proposed approach, trajectory planning is then
transformed to minimization of the cost function JL (ΩL )
subject to sets of equality constraints hTN (k) = 0, ∀k ∈
{0, . . . , N −1}, and inequality constraints gTN (k) ≤ 0, ∀k ∈
{1, . . . , N }, gra,L (ΩL , Oobs ) ≤ 0.
The cost function JL (ΩL ) is proposed as
JL (ΩL ) =

N
X

d (ϕ(·, ·), p̄L (k))

2

k=1

2

n0 
X
distj (ΩL , Oobs ) − rs,L
+α
min 0,
distj (ΩL , Oobs ) − ra,L
j=1
 1
Z q

(ϕ0x (indk , s))2 + (ϕ0y (indk , s))2 ds
+β
inds

+

ñ
X

Z1 q

−1
(ϕ0x (k, s))2 + (ϕ0y (k, s))2 ds

k=indk +1 0

+γ

N
X


2
2
vL
(k) + KL2 (k) kp̄L (k) − p̄L (k − 1)k .

k=1

(12)
The first term in the cost function penalizes solutions
with states deviated from the desired path. Function
d (ϕ(·, ·), p̄L (k)) provides the minimal distance between the
desired path ϕ(·, ·) obtained in the block called Path planning
feasible for the formation and positions of the virtual leader
p̄L (k), where k ∈ {0, . . . , N }.
Collision avoidance with external obstacles is added to the
cost function through the second term, which penalizes close
proximity of the virtual leader to objects in the workspace of
the formation. Function distj (ΩL , Oobs ) provides Euclidean
distance between obstacle j and the planned trajectory of
the virtual leader. Only the closest obstacle from the set
Oobs of all n0 known obstacles is considered in the cost
function. The value of this term starts growing if the obstacle
is closer to the planned trajectory than the detection boundary

rs,L , and approaches infinity if the avoidance radius ra,L
is reached. Solutions with distance distj (ΩL , Oobs ) smaller
than ra,L are considered infeasible, since the set of inequality
constraints gra,L (ΩL , Oobs ), defined as gra,L (ΩL , Oobs ) :=
2
ra,L
− distj (ΩL , Oobs )2 , j ∈ {1, . . . , n0 }, is violated.
The third term of the objective function is crucial for
the convergence of the method. This function is inversely
proportional to the length of the part of path ϕ(·, ·) which
starts at the closest point on ϕ(·, ·) to the last state ψL (N ),
and ends at the end of ϕ(·, ·). This term “pulls”, via the
constraints hTN (·), all states ψL (k), k ∈ {1, . . . , N }, along
the path ϕ(·, ·) towards its end. The variables indk and inds
indexing the point on the spline path that is closest to the
state ψL (N ) are determined as
n
2
(indk , inds ) := (k, s) : dd(ϕ(k, s), p̄L (N )) =
o
(13)
2
d(ϕ(·, ·), p̄L (N )) , ∀k ∈ {1, . . . , ñ}, ∀s ∈ h0; 1i ,
where function dd(ϕ(k, s), p̄L (N )) provides the distance
between point ϕ(k, s) and the position of the virtual leader
p̄L (N ).
The last term of eq. (12) penalizes aggressive control
inputs. This is especially advantageous in applications that
require low energy consumption and fluent movement. The
constants α, β and γ in the cost function are utilized for
balancing the frequently antagonistic endeavors: i) closely
follow the desired path, ii) avoid obstacles, iii) reach the
desired goal as soon as possible, and iv) avoid aggressive
control. Similarly as the constants in eq. (3), the proper
values of these parameters depend on the target application.
Values α = β = 1, γ = 0.4 are used in the experiments
presented in this paper.
The kinematic model presented in eq. (1), with the initial
conditions given by the actual state of the virtual leader,
is represented using equality constraints hTN (k), ∀k ∈
{0, . . . , N − 1}. These constraints ensure that the virtual
leader will move from state ψL (k − 1) to state ψL (k) for
each k ∈ {1, . . . , N } by applying the obtained control
inputs ūj (k). Finally, the set of constraints gTN (k), ∀k ∈
{1, . . . , N }, characterizes the bounds on the velocity and
curvature of the virtual leaders defined in Section III.
The cost function JL (ΩL ) from eq. (12) differs slightly
−
from the fitness function f (→
x ) in eq. (3), since the two
optimization processes are solved in different spaces of the
solutions. Spline-path planning is realized in the space of
−
multinomials with optimization vector →
x , while the MPC
approach directly solves the motion planning and control
problem in the space of the control variables and states of
a kinematic model of the controlled vehicle. The proposed
integration of the spline-path planning and MPC method is
crucial for reducing the time complexity. The computational
demands would be unacceptable with the MPC optimization
being also used for solving the global planning into the
desired target, due to the much higher dimension of such
solutions (see table I for the results of a comparative study).

B. Proof of convergence
A proof of convergence to the desired final state ψG
designed for the virtual leader following the path found by
the spline path planning method is presented in this section.
To show the convergence properties in a compact way, let us
first rewrite the optimization problem with the cost function
introduced in eq. (12) in the form

 t +N ∆t

 0Z
L(ψL (s), UL (s), s)ds
PL (ψL (t0 )) := min
UL 

t0

JL (Ω◦L (t0 + n∆t)) − JL (Ω◦L (t0 ))
t0 +(N
Z +n)∆t

L(ψL (s), UL◦ (s), s)ds

=
t0 +n∆t

◦
+ F (ψL
(t0 + N ∆t|t0 ), ψG ) = JL (Ω◦L (t0 )).

(14)
The ()◦ notation denotes a solution found by the optimization process, and time t0 is the initial time in
which
( the optimization problem )is solved. The term
t0 +N
R ∆t
min
L(ψL (s), UL (s), s)ds in the equation deUL

function and the state ψG as the required equilibrium of
the convergence to prove the convergence introduced in the
theorem.
Subtracting the costs of solutions that are obtained by
solving the problem P(ψL (t0 )) at time t0 and P(ψL (t0 +
n∆t)) at time t0 + n∆t, we get the following equality:

t0

◦
notes a running cost, and the component F (ψL
(t0 +
N ∆t|t0 ), ψG ) is a final cost between the last state of horizon
◦
(t0 +N ∆t|t0 )
TN and the desired final state ψG . The term ψL
denotes the state of the virtual leader at time t0 +N ∆t, which
is achieved if the leader follows the result of the optimization
problem PL (ψL (t0 )) with zero disturbances and considering
an ideally perfect model. The final cost is expressed using
the third part of the cost function in eq. (12). Generally,
the physical meaning of term F (ψ1 , ψ2 ) is the length of the
desired path ϕ(·, ·) in between the point on the path that is
the closest point to state ψ1 and the point on the path that
is the closest point to state ψ2 . Path ϕ(·, ·) was found in the
block Path planning feasible for the formation of the scheme
in Fig. 2.
Theorem 1: Having the feasible preplanned path ϕ(k, ·),
k ∈ {1, . . . , ñ}, from the actual state into the target state ψG ,
and having a feasible solution of PL (ψL (t0 )), the receding
time horizon control scheme, which iteratively solves the
optimal control problem for obtaining control inputs UL◦ (·)
of the virtual leader, converges and guides the virtual leader
toward the target state ψG . The claim holds as long as
the perturbations on JL (Ω◦L (·)), denoted by D(k), satisfy
◦
◦
D(k) < F (ψL
(t0 + (kn + N )∆t|t0 + (k + 1)n∆t), ψL
(t0 +
((k + 1)n + N )∆t|t0 + (k + 1)n∆t)), for all k ∈ Z+ , where
k < (t̄ − t0 − N ∆t)/n∆t. The overall time required for
the formation to reach the desired state is denoted t̄. The
perturbations are caused by unexpected obstacles or system
disturbances that affect the proximity penalties in L(·).
Proof: Let us assume that the preplanned path ϕ(k, ·),
with k ∈ {1, . . . , ñ}, is time invariant for t ∈ ht0 , t̄i.
This assumption presumes a static and known environment
considered for the proof. In this environment, replanning
the path ϕ(·, ·) is not necessary for keeping sufficient space
between the path and the obstacles. Difficulties that occur
if employing the method in dynamic environments will be
discussed at the end of the convergence analysis. Let us
choose the optimal cost JL (·)◦ as a candidate Lyapunov

(15)

t0 +N
Z ∆t

L(ψL (s), UL◦ (s), s)ds

−
t0

◦
+ F (ψL
(t0 + (N + n)∆t|t0 + n∆t), ψG )
◦
− F (ψL
(t0 + N ∆t|t0 ), ψG ).

Let us note that the initial state ψL (t0 + n∆t) of the optimization problem P(ψL (t0 +n∆t)) is reached after applying
the first n elements of solution UL◦ (t0 ), which is obtained at
time t0 . In static environments without disturbances, we can
suppose that the part of the optimal solution between states
◦
◦
(t0 + N ∆t|t0 ) remains unchanged
(t0 + n∆t|t0 ) and ψL
ψL
in the next iteration of the planning loop. This part appears
at the beginning of solution that is found at time t0 + n∆t.
Therefore, the last term on the right hand side of eq. (15)
can be re-written as
◦
◦
F (ψL
(t0 +N ∆t|t0 ), ψG ) = F (ψL
(t0 +N ∆t|t0 +n∆t), ψG ).
(16)
◦
(t0 +
As we have mentioned above, the running cost F (ψL
N ∆t|t0 + n∆t), ψG ) corresponds to the length of the preplanned path ϕ(·, ·) between the point on ϕ(·, ·) that has
◦
(t0 + N ∆t|t0 + n∆t) and the
minimum distance to state ψL
point on ϕ(·, ·) that has minimum distance to state ψG . Let
us now split the path ϕ(·, ·) into two parts in the point that
◦
(t0 + (N + n)∆t|t0 + n∆t). Then, the length
is closest to ψL
◦
F (ψL (t0 + N ∆t|t0 + n∆t), ψG ) can be obtained as the sum
of the lengths of the split parts:
◦
F (ψL
(t0 + N ∆t|t0 + n∆t), ψG )

=

◦
F (ψL
(t0

+ (N + n)∆t|t0 + n∆t), ψG )

◦
+F (ψL
(t0 + N ∆t|t0 + n∆t) ,

(17)

◦
ψL
(t0 + (N + n) ∆t|t0 + n∆t)) .

Including observations (16) and (17) together with the substitution
t0 +(N
Z +n)∆t

L(ψL (s), UL◦ (s), s)ds

t0 +n∆t
t0 +N
Z ∆t

L(ψL (s), UL◦ (s), s)ds = D(0)

−
t0

(18)

into eq. (15), we get an equality:

C. Trajectory Tracking for the Followers

JL (ψL (t0 + n∆t), UL◦ (t0 + n∆t); N ∆t)◦
−JL (ψL (t0 ), UL◦ (t0 ); N ∆t)◦ =
◦
= D(0) − F (ψL
(t0 + N ∆t|t0 + n∆t) ,

(19)

◦
ψL
(t0 + (N + n) ∆t|t0 + n∆t)) .

By choosing the optimal cost as a candidate Lyapunov
function and being inspired by Lyapunov’s second theorem
of stability, as presented in [31], the following relation can
be satisfied to ensure convergence to the desired state ψG :
◦
D(0) < F (ψL
(t0 + N ∆t|t0 + n∆t) ,
◦
ψL
(t0 + (N + n) ∆t|t0 + n∆t)) ,

(20)

for the first step of the planning loop, and
◦
D(k) < F (ψL
(t0 + (nk + N )∆t|t0 + (k + 1)n∆t) ,
◦
ψL
(t0 + (nk + N + n) ∆t|t0 + (k + 1)n∆t)) ,
◦
∀ψL
(t0 + (nk + N + n) ∆t|t0 + (k + 1)n∆t) ∈ C̆,
(21)

for the next steps. C̆ ⊂ C is a set of states C̆ = {ψL (t) ∈
C|F (ψL (t) , ψG ) > ε̆}, where ε̆ > D(k). Once the optimal
◦
(·) enters the region surrounding the position
solution ψL
of ψG with radius ε̆, the value N is shortened as N :=
min(n, N − n).
Let us now analyze eq. (18), where the physical meaning
of D(0) is shown, for correct setting of constant ε̆. The
t0 +N
R ∆t
running cost
L(ψL (s), UL◦ (s), s)ds, which is used for

According to the leader-follower concept, the trajectory
computed as the result of the planning for the virtual
leader is used as an input for trajectory tracking for the
followers. First of all, the trajectory of the leader needs
to be transformed for each following vehicle via eq. (2).
The obtained sequence ψd,i (k) = (p̄d,i (k), θd,i (k)), k ∈
{1, . . . , N }, i ∈ {1, . . . , nr }, is then utilized as desired states
for the trajectory tracking algorithm with obstacle avoidance
functions. This scheme enables a response to events in the
environment behind the actual position of the leader and
to neighbors in the formation that are deviated from their
desired positions.
Similarly to the planning for the virtual leader, states
ψi (k), k ∈ {1, . . . , N }, and control inputs ūi (k), k ∈
{1, . . . , N }, can be gathered as vectors Ψi ∈ R3N and
Ui ∈ R2N and then collected to a unique optimization vector
Ωi = [Ψi , Ui ] ∈ R5N for each follower i. Vector Ωi will be
used to represent the dynamic behavior of discrete trajectory
tracking with collision avoidance, and for taking trajectory
tracking as a static optimization process under the receding
horizon scheme.
Discrete-time trajectory tracking for the i-th follower is
transformed to an optimization problem with cost function
Ji (·) subject to equality constraints hi (·) and inequality
constraints gi (·), gra (·), and gr a,i (·), that is
min Ji (Ωi ), i ∈ {1, . . . , nr },

s.t. hi (k) = 0, ∀k ∈ {0, . . . , N − 1},

t0

keeping the virtual leader on the desired path, is in its discrete
form composed of the first two sums in eq. (12).
The first sum contributes to this cost mainly due to disturbances of imprecise actuators and sensors for determining the
positions of robots in the formation, which forces the virtual
leader to deviate from the desired path. Therefore, the proper
value of ε̆ depends on the disturbances that result in deviation
of the virtual leader from the desired path. The amplitude of
the disturbances must be identified experimentally.
The second sum penalizes positions of the formation that
are too close to an obstacle. This function contributes to the
cost of the optimal solution only in situations in which the
preplanned path is infeasible or a change in the workspace
is detected. For the proof, these cases have been excluded by
the initial assumption of a static and known environment and
by the feasibility of the initial path that has to be followed.
Considering dynamic and unknown (later detected) obstacles or an infeasible desired path, we can claim
that convergence is kept as long as the difference
of the perturbations of the running cost on the interval ht0 + N ∆t, t0 + (N + n)∆ti and on the interval
ht0 , t0 + n∆ti, denoted D(0), satisfies eq. (21). If the inequality in eq. (21) is violated, the path planning process
needs to be restarted in an updated environment.

(22)

gi (k) ≤ 0, ∀k ∈ {1, . . . , N },
gra (Ωi , Oobs ) ≤ 0,

(23)

gra,i (Ωi , Ω◦j ) ≤ 0, ∀j ∈ n̄n ,
where

Ji (Ωi ) =

N
X

2

k(p̄d,i (k) − p̄i (k))k

k=1
n0 
X

2

distj (Ωi , Oobs ) − rs
min 0,
(24)
distj (Ωi , Oobs ) − ra
j=1
(
)!2
X
di,j (Ωi , Ω◦j ) − rs,i
+β
min 0,
.
di,j (Ωi , Ω◦j ) − ra,i
j∈n̄
+α

n

The proposed cost function Ji (·) consists of three components. Their influence on the final cost is adjusted by constants α and β. The first component represents the deviations
of positions p̄i (k), ∀k ∈ {1, . . . , N }, from desired positions
p̄d,i (k), ∀k ∈ {1, . . . , N }, and it is crucial for tracking the
trajectory. The second summation in Ji (·) is equivalent to the
second term used in eq. (12) and it ensures that dynamic or
lately detected obstacles are avoided. The third component
of Ji (·) is the sum of the avoidance functions, in which
other members of the team are also considered as dynamic

obstacles. This part has to protect followers in case of an
unexpected behavior of defective neighbors.
Function di,j (Ωi , Ω◦j ) represents the minimal distance between the planned trajectory of the i-th follower and the
currently exercised plan of the j-th robot in the formation.
The proximity is tested for all neighbors n̄n = {1, . . . , i −
1, i + 1, . . . , nr }. The detection radius rs,i is usually smaller
than the basic detection radius rs , because the follower
should not try to avoid a close neighbor if both are in their
desired position.
The equality constraints hi (k), ∀k ∈ {0, . . . , N − 1},
are identical to the equality constraints hTN (k), ∀k ∈
{0, . . . , N − 1}. The inequality constraints gi (k), ∀k ∈
{1, . . . , N }, are identical to the inequality constraints
gTN (k), ∀k ∈ {1, . . . , N }. Finally, the avoidance inequality
constraints gra (Ωi , Oobs ) and gra,i (Ωi , Ω◦j ) are given by the
equations
gra (Ωi , Oobs ) := ra2 − distj (Ωi , Oobs )2 , j ∈ {1, . . . , n0 },
2
gra,i (Ωi , Ω◦j ) := ra,i
− di,j (Ωi , Ω◦j )2 , j ∈ n̄n ,

(25)
similarly as gra,L (ΩL , Oobs ) for the virtual leader.
Remark 1: The advantage of the MPC based method, as
presented in this section, consists in the possibility to run
more time-consuming path planning in a slower loop or only
if it is required by a significant change in the workspace. The
ordinary dynamic obstacle avoidance in between the path
planning interventions is provided by MPC based trajectory
planning for the virtual leader and by trajectory tracking for
the followers. In addition, trajectory tracking provides intervehicle collision avoidance and the possibility to change the
shape of the formation temporarily.

The spline-path planning results were obtained in less than
0.1s at Intel Core 2 Duo CPU, 3.2GHz, 4GB of RAM, which
is sufficient for experimental demonstration of the system
performance. In a complex workspace or if a faster response
of the path planning loop is required, a hierarchical approach
presented in [30] can be applied for complexity reduction.
Finally, we should highlight that any optimization technique
that satisfies the requirements specified in section V and
provides sufficient results can be employed in the path
planning approach.
Sequential Quadratic Programming (SQP) [35] is used in
the MPC loop for solving the optimization problems in the
path following method designed for the the virtual leader and
for stabilizing the followers. SQP solver provided the best
performance among the available algorithms that were tested.
However, any method designed for solving optimization
problems with constraints as defined in this paper can be
employed.
The presented algorithm has been verified in several experiments with the SyRoTek multi-robot system [36] developed
at the Czech Technical University. This platform offers a
unique 24/7 ready to use system with up to 13 autonomous
robots equipped with numerous onboard sensors and with
an external localization system used by the robots in the
formation. The external localization system is also used
for detection of dynamic obstacles (independently moving
robots) in the experiments. Although, the system provides
global information about positions of all robots in the entire
workspace, the information about dynamic obstacles is enabled for the formation planning and control systems only
if the distance between any robot of the formation and the
dynamic obstacle is shorter than a threshold, which is defined
as four times diameter of the employed robots.
A. Obstacle avoidance in static environment

VII. E XPERIMENTAL RESULTS
A Particle Swarm Optimization (PSO) technique [32]
is employed for spline-path planning in the experiments
presented in this section. PSO has been chosen from the
available optimization tools due to its simple implementation,
its ability to deal with the local extremes that frequently
occur in the proposed cost function (3) and its relatively fast
convergence in this particular problem (see our preliminary
studies in [33], [30]). PSO is an evolutionary technique using
a simple model of swarm intelligence to improve a candidate
solution with regard to a given measure of its quality (the
value of the cost function in eq. (3) in our case). In this paper,
the PSO algorithm is employed with parameters adjusted
in agreement with a basic path planning method that we
designed for a single robot [34]. In [34], one can also find
a comprehensive description of the PSO algorithm, which
is omitted here due to space limitations. All experiments
presented here are conducted using the simple PSO algorithm
from [34], but in case of a more complicated environment,
where the optimization process could be stuck in a local
minimum, the method using multiple independently initiated
PSO strains needs to be applied [33].

In the first experiment, the performance of the proposed
formation driving system in a static environment is presented.
The formation of two robots is aimed at reaching a desired
position, while avoiding two static obstacles. The initial plan
of this task and the motion record of robots following this
plan are depicted in Fig. 3. The initial plan was obtained by
the spline-path planning algorithm with PSO process limited
by 350 iterations. However, a feasible solution of sufficient
quality was found in less than 50 iterations as shown in
Fig. 4, where the progress of the PSO fitness function is
depicted. Values of the control inputs of the virtual leader
and the progress of the final costs of solutions of the MPC
optimization process during the experiment are shown in
Fig. 5. Slight oscillations in the progress of the velocity and
the curvature appear in close proximity with obstacles. These
oscillations are not observed in numerical simulations, if an
ideally precise model and no disturbances are considered. In
the real experiment, the controlled system does not follow the
given plan precisely due to the position error of localizations
of the robots in the arena and due to imprecise actuators.
The deviation from the plan caused by this uncertainty of
sensors and actuators is continuously compensated by the

Fig. 3. Experiment of obstacle avoidance in the static environment, where
the positions and shapes of the obstacles are known at the beginning of the
formation driving process. The first picture presents the initial plan obtained
by the spline-path planning method for avoiding the obstacles and reaching
the given goal. The record of positions of the virtual leader in the experiment
is presented in the second picture. A detailed description of the experiment
is provided in section VII-A.

Fig. 5. MPC control inputs applied for steering the virtual leader and
progress of the cost function of the solution of the MPC process in each
iteration of the path following algorithm in the static experiment from Fig. 3.
In addition, the progress of the value of the third term in cost function (12),
“energy”, is presented.

Fig. 4. Progress of the PSO fitness function during path planning in the
static environment (experiment from Fig. 3).

fast MPC replanning. In the proximity of obstacles and in the
part of the desired path with sharper curves, the oscillations
are stronger, due to increasing values of the cost function.
However this does not affect the smooth motion of the robots,
as can be seen in the record of the experiment that can
be downloaded from [37] (snapshots from this video record
are available in Fig. 9). These oscillations also influence the
values for the final cost of the solutions, mainly due to the
increasing penalization by the third term in the cost function
(12).
The progress of the control inputs applied for stabilizing
both followers in their desired positions relatively to the
virtual leader and the progress of the final costs of the
obtained trajectories are presented in Fig. 6 and Fig. 7. In
the static environment, there is almost zero penalization of
the obtained trajectory tracking solutions as shown in the
progress of the cost values, since the robots follow their
desired trajectories with only negligible deviations (as can
be seen in the zoomed view of the cost values in Fig. 8).

Fig. 6. MPC control inputs applied for steering the first follower and the
progress of the cost function of the solution of the MPC process in each
iteration of the trajectory following algorithm in the static experiment from
Fig. 3.

B. Response of the system to a later-detected obstacle
In the second experiment, we took advantage of the
possibility to rise up some obstacles autonomously (called
dynamic obstacles) in the SyRoTek workspace. In the initial
spline-path planning, only one obstacle (considered as static)
is set up and a collision-free plan is obtained. During the
movement of the formation along the obtained plan (as
shown in the first picture in Fig. 10), another obstacle is set

Fig. 7. MPC control inputs applied for steering the second follower of the
formation and the progress of the cost function of the solution of the MPC
process in each iteration of the trajectory following algorithm in the static
experiment from Fig. 3.

(a) Follower 1

(b) Follower 2

Fig. 8. Zoomed detail of the progress of the MPC cost function of both
followers, which was originally presented in Fig. 6 and Fig. 7.

Fig. 10. Experiment aimed at verification of the response of the system
to a later-detected obstacle. The first picture presents a plan obtained by
the spline-path planning method to avoid the obstacle that is known at the
beginning of the mission (obst. 1 in the picture). Replanning to correct the
plan that collides with the new obstacle (obst. 2 in the picture) is shown in
the second picture. Finally, a record of the positions of the virtual leader in
the experiment is presented in the last picture. A detailed description of the
experiment is provided in section VII-B.

Fig. 9. Snapshots from one of the numerous experimental trials in the
static environment of the SyRoTek platform. Plans and controller outputs
gathered during this experiment are presented in figures 3-8.

up in front of the formation and the map of the environment
is changed. The cost of the initial path is increased, since it is
no longer feasible for the formation (it crosses the obstacle).
Once an increase in the cost beyond a given threshold is
detected, spline-path planning is restarted (see the blue curve
in Fig. 10). The new plan was obtained in 0.02s, so the
formation can continue slowly with its movement without
any interruption. The progress of the PSO fitness function
during initial spline-planning is depicted in Fig. 11(a). After
the new obstacle is detected, the PSO process is restarted
(see Fig. 11(b) for progress of the fitness function during
re-planning).
The progress of the control inputs and the values of the
cost function in the dynamic environment are presented
in Fig. 12 (the virtual leader) and in figures 13-14 (the
followers). The zoomed details of the cost function values of
solutions of the MPC process employed for stabilizing the
followers in their desired positions are shown in Fig. 15. Due
to the re-planning of the desired path, the formation follows a
feasible path in a sufficient distance from the obstacles, and
therefore the graphs are similar as in the previous case of
the static environment. Again, the record of the experiment

(a) Initial planning, in which only (b) Re-planning after automatic elone known static obstacle is
evation of a new obstacle (obst.
considered (obst. 1 in the pic2 in the picture).
ture).
Fig. 11. Progress of the PSO fitness function during the path planning and
subsequent replanning that is initiated as a response to the new obstacle in
the experiment introduced in Fig. 10.

can be downloaded from [37] and snapshots from this video
record are available in Fig. 16.
C. Temporary shrinking of the formation in a narrow corridor
Another experiment was designed to illustrate the crucial ability of the proposed system to find solutions in
situations requiring a temporary shrinking of the shape of
the formation. This enables the formation to be navigated
through an environment where there is no feasible path for
the formation keeping the required shape, due to limited
space (e.g. in narrow corridors, through doors). In these

(a) Follower 1

(b) Follower 2

Fig. 15. Zoomed detail of the progress of the MPC cost function of both
followers, which was originally presented in Figs. 13 and 14.

Fig. 12. MPC control inputs applied for steering the virtual leader, and
the progress of the cost function values of the solutions in each iteration of
the MPC path following process in the dynamic experiment from Fig. 10.
In addition, the progress of the overall amount of “energy”, the third term
in the cost function in eq. (12), is shown in the last picture.

Fig. 16. Snapshots from the experiment with one static obstacle and one
later-appearing obstacle. Plans and outputs of controllers are presented in
figures 10-15.

Fig. 13. MPC control inputs applied for steering the first follower, and the
progress of the cost function values of the solutions in each iteration of the
MPC trajectory following process in the dynamic experiment from Fig. 10.

cases, the proposed spline-path planning algorithm provides
a result that violates the requirements given by the shape of
the formation. Nevertheless, the obtained path can be safely
tracked by the MPC approach with the obstacle avoidance
ability, at the cost of a temporary modification (usually
shrinking) to the shape of the formation. The modification
of the formation appears fully autonomously, i.e., without
any need for pre-designed shapes, based on the effort of the
avoidance function integrated into the motion control of the
followers. In Fig. 17, a formation of 4 robots is navigated
through a gate. The space between the obstacles is too narrow
for the formation of the given shape. The followers are
therefore forced, via the second term in the cost function
(24), to leave their desired positions within the formation.
After they pass safely through the gate, the shape of the
formation is restored back to the required shape.
D. Followers avoiding a dynamic obstacle

Fig. 14. MPC control inputs applied for steering the second follower of
the formation, and the progress of the cost function values of the solutions
in each iteration of the MPC trajectory following process in the dynamic
experiment from Fig. 10.

Snapshots from an experiment with a dynamic obstacle are
presented in Fig. 18. In the experiment, the obstacle moves
behind the position of the virtual leader, which is placed
in the same position as the first follower, and therefore this

Fig. 17. Temporary shrinking of a formation during its movement through
a narrow corridor. A detailed description of the experiment is provided in
section VII-C.

obstacle cannot be avoided in the virtual leader planning.
In the snapshots, the response of particular followers to the
colliding course of the dynamic obstacle is highlighted. All
robots consequently slow down their motion and re-plan their
local trajectories to return safely and rapidly to their desired
positions within the formation.
E. Avoidance manoeuvre as a response to failure of one of
the followers

Fig. 18. Members of the formation that are avoiding a dynamic obstacle
(the blue robot going from left to right) with a course colliding with
movement of three followers. A detailed description of the experiment is
provided in section VII-D.

The fault tolerance ability of the proposed system is verified in the last experiment. The snapshots in Fig. 19 show a
simulation of the failure of one of the robots in the formation.
The faulty robot suddenly stops its movement, while the rest
of the formation continues into the target position. Followers
behind the faulty robot are forced to temporarily leave their
desired positions within the formation. In the second run
of the same experiment (Fig. 20), the enforced avoidance
manoeuvre of the red robot that is directly behind the faulty
robot is so extensive that even the next neighbour in the
formation is forced to leave its desired position within the
group.
F. Time complexity analysis
An important property of the proposed method is relatively
low complexity in comparison with state-of-the-art MPC
approaches that also solve the complex task of formation
driving into a desired goal in environment with obstacles.
Our algorithm enables to find a feasible and smooth solution
of the trajectory planning problem in a space with significantly reduced dimension. In table I, the time complexity
of the proposed approach is tested in three scenarios with
different size of the workspace and different number of
obstacles. All obstacles are considered as identical circular
objects. The dimension of the squared workspace is chosen
in such a way that the ratio of free space and space occupied
by obstacles is constant in all scenarios.
In basic MPC approaches with one planning horizon and
equidistantly distributed transition points along the planned

Fig. 19. A response of followers in the formation to a failure of one of
the robots in a formation (the first red robot). The followers behind this
robot (the second red robot and the yellow robot) are forced to leave their
desired positions within the formation to avoid the faulty robot. A detailed
description of the experiment is provided in section VII-E.

TABLE I
T HE COMPUTATIONAL COMPLEXITY OF THE PROPOSED METHOD , WHICH IS COMPOSED OF SPLINE - PATH PLANNING AND MPC TECHNIQUES , IN
COMPARISON WITH TWO APPROACHES RELYING STRICTLY ON MPC. T HE COMPUTATIONAL TIMES REQUIRED FOR THE OPTIMIZATION PROCESS ARE
SHOWN FOR THE FIRST ITERATION AND THE SECOND ITERATION OF THE OPTIMIZATION PROCESS .

M OREOVER , A NEW OBSTACLE WAS IN EACH
T HREE SCENARIOS WITH DIFFERENT
NUMBERS OF OBSTACLES WERE USED IN THE EXPERIMENT.

EXPERIMENT PLACED IN THE WORKSPACE TO ENFORCE REPLANNING OF THE FORMATION CONTROL SYSTEM .

basic MPC

time [s]
exp. type
10 obst.
20 obst.
150 obst.

1st iter.
152.93
979.65
N

2nd iter.
35.76
334.24
N

MPC-reduced
replanning
112.17
735.41
N

1st iter.
3.08
5.98
14.56

Fig. 20. Another run of the same experiment as shown in Fig. 19. In
this run, the avoidance manoeuvre of the second red robot is so extensive
that the robot gets too close to its neighbors. Therefore, the third red robot
and the last blue robot are also consequently forced to leave their desired
positions to avoid a possible collision with the second red robot. A detailed
description of the experiment is provided in section VII-E.

trajectory, the plans obtained in the initial position of the
formation may reach the target only at the cost of an
excessively long optimization vector. For the experiments in
table I, number of transition points N was empirically chosen
as N = 30 for the scenario with 10 obstacles, and N = 42
for the scenario with 20 obstacles. The basic MPC approach
failed with all settings of parameter N in the scenario with
150 obstacles.
A significant reduction of the dimension of the planning
space is proposed in [38] and [12], where an additional planning horizon with sparse distribution of the transition points
is employed. With this MPC-reduced method, a feasible
solution of the trajectory planning problem can be obtained
with 7, 9 and 12 transition points in scenarios with 10, 20 and
150 obstacles, respectively. This matches with the dimension
of the searched space equal to 35, 45 and 60, resp. N = 4
transition points is always allocated in the short-term control
horizon and the remaining 3, 5 and 8 points are allocated in
the additional planning horizon, which is used for connecting
the control horizon and the desired position of the formation.

2nd iter.
0.30
0.74
1.23

replanning
1.19
1.91
6.69

spline-MPC
1st iter.
1.15
1.88
5.83

2nd iter.
0.03
0.03
0.03

replanning
0.72
1.12
1.87

In the approach, which is proposed in this paper, the trajectory planning is decoupled into global spline-path planning
and the local MPC method with the short-term horizon that is
receding ahead of the formation. In table I, the computation
time for the first iteration and the replanning after detecting
an obstacle is obtained as the sum of the time periods
needed for spline-path planning and for subsequence MPC
planning. In the second iteration and in further iterations,
spline-path planning does not need to be run and only the
MPC technique takes place. The MPC technique is also used
with N = 4 transition points in the control horizon, as the
MPC-reduced method, but there is no additional planning
horizon. The optimization in the fast MPC loop is therefore
run in dimension of searched space equal to 20. Spline-path
planning provides feasible solutions with parameter ñ = 3,
ñ = 5 and ñ = 8 in scenarios with 10, 20 and 150 obstacles,
respectively. This matches with a dimension of the searched
space equal to 4, 8 and 14, resp. Such low dimensions,
and the possibility to run the spline-path planning only at
the beginning of the mission and in cases when significant
changes in the environment are detected, allow us to employ
the PSO algorithm with its ability to deal with local extrema.
The ability to release from the local minima in the splinepath planning for a single robot is discussed and further
evolved in our previous work [33]. Furthermore, the method
published in [30] enables iterative autonomous setting of
parameter ñ, and an additional reduction in complexity
via a hierarchical decomposition in complex scenarios. As
mentioned, any proper optimization tool can be employed in
the planning process and therefore the rate of convergence of
the optimization process, which correlates with the rate of the
planning loop, is not included in the theoretical analyses of
the method. However, the time complexity analysis presented
in table I provides a valuable estimation of applicability of
the method in multi-robot applications.
VIII. C ONCLUSION
A novel approach designed for motion control of formations of nonholonomic robots in complex environments
has been proposed in this paper. The presented system is
suited for the purposes of formation motion planning and
formation driving into a desired state. The novelty of the
proposed spline-path planning method lies in the possibility
to integrate in a simple manner the motion constraints of
formations with arbitrary shapes and the capabilities of the

robots that are employed in the formation directly into the
planning process. This enables smooth, safe and short paths
to be found that are feasible for all robots in the formation
that is keeping the desired shape. Moreover, the path planning method enables autonomous relaxation of constraints
imposed by the desired shape of the group. This makes
it possible to solve the formation driving task in clustered
environments, where a temporary shrinking of the formation
is necessary.
The second important part of the proposed system is the
MPC-based stabilization mechanism designed for maintaining the virtual leader along the obtained spline-path and for
stabilization of all followers in the formation. The novelty
of the proposed MPC algorithm lies in its adaptation to the
given formation driving requirements. This approach enables
us to integrate coordination, control and stabilization of team
members, fault recovery, inter-vehicle collision avoidance,
and avoidance of newly detected or dynamic obstacles into
a single optimization process. This makes possible to deal in
an optimal way with the frequently antagonistic requirements
on formation driving, which are specified by the given
application. End-users of the system can for example easily
set priorities between the effort to keep the formation further
away from obstacles (a safe mode), and the effort to reach the
goal as soon as possible (a fast mode), which can be realized
even at the price of temporarily changing the shape of the
formation. Another compromise may be found between the
effort of the planner to find the shortest possible path, and
to find a smoother path that includes curves with smaller
curvature etc.
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