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Abstract This article presents a control approach
that enables an autonomous operation of fleets
of unmanned snow ploughs at large airports. The
proposed method is suited for the special demands
of tasks of the airport snow shovelling. The robots
have to keep a compact formation of variable
shapes during moving into the locations of their
deployment and for the autonomous sweeping of
runways surfaces. These tasks are solved in two
independent modes of the airport snow shoveling.
The moving and the sweeping modes provide a
full-scale solution of the trajectory planning and
coordination of vehicles applicable in the specific
airport environment. Nevertheless, they are suited
for any multi-robot application that requires complex manoeuvres of compact formations in dynamic environment. The approach encapsulates
the dynamic trajectory planning and the control
of the entire formation into one merged optimization process via a novel Model Predictive Control
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(MPC) based methodology. The obtained solution
of the optimization includes a complete plan for
the formation. It respects the overall structure
of the workspace and actual control inputs for
each vehicle to ensure collision avoidance and
coordination of team members. The presented
method enables to autonomously design arbitrary
manoeuvres, like reverse driving or turning of
compact formations of car-like robots, which frequently occur in the airport sweeping application. Examples of such scenarios verifying the
performance of the approach are shown in simulations and hardware experiments in this article.
Furthermore, the requirements that guarantee a
convergence of the group to a desired state are
formulated for the formation acting in the sweeping and moving modes.
Keywords Airport snow shoveling ·
Autonomous ploughs · Formation applications ·
Trajectory planning · Model predictive control ·
Mobile robotics

1 Introduction
In the airport snow shovelling task, it is required
that the main runways and the auxiliary roads are
cleaned up at once by a sufficiently big group of
vehicles forming a sweeping formation (see Fig. 1
for the motivation). The completely cleaned roads
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Fig. 1 Commercial snowploughs from the Norwegian company Øveraasen. (Source: http://www.overaasen.no)

simplify the handling of emergency landings and
other unexpected rescue operations at the airport.
Thus, if we consider an autonomous system of
unmanned ploughs cleaning the runways, an approach enabling to maintain the formation in a
compact shape is crucial for autonomous operations. Since the surface of all roads needs to
be cleaned out completely even in a case of a
dead end or a road blocking, the presented system
enables operations not only in a sweeping mode,
but also in a moving mode with turning abilities.
In the sweeping mode, the formation follows axis
of the runways and the autonomous ploughs are
distributed in a shoveling formation to cooperatively push the snow into the side of the road. In
the moving mode, the formation may change its
shape into a more compact form to enable a fast
displacement into the position of a new sweeping task. The moving mode also provides an autonomous design of complex turning manoeuvres.
It enables to turn back the shoveling formation
on roads with similar width as is the size of the
formation itself.
Mainly the turning of formations of the holonomic robots in such straitened environment with
possible dynamic obstacles is a challenging task
rarely solved in formation driving applications.
This issue requires to incorporate the reverse
driving of the whole formation into autonomously
designed plans of all vehicles. The global structure
of the workspace and the local information on the
environment have to be included into the plan for
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the formation as well as to the immediate control
of particular vehicles.
The proposed snow shoveling algorithms addressed in this paper are related to the research of
autonomous sweeping. In these applications, the
robots are guided to cover a predefined area by
their effectors. In our application, the effectors are
the snowploughs’ shovels. In [24], the problem of
the cooperative sweeping using a path planning
mechanism for a single robot is proposed. The obtained path is splitted and distributed to multiple
vehicles in an optimal way. An ant behaviour motivated algorithm for the cooperative cleaning of
unknown non-convex regions is proposed in [42].
A decentralized method using an on-line negotiation mechanism for the task sharing is presented in
[32]. Another biologically inspired method based
on neural networks, where each robot treats the
other robots as moving obstacles, is developed
in [29]. The snow shoveling task generates some
problems that have not yet been addressed in this
context. This application requires to consider the
nonholonomic kinematics of usual snowploughs.
Additionally, all methods mentioned above lack
the ability to react on sudden changes in the environment, which is important for the robust and
safe execution of the sweeping process in the real
environment of the airport. Finally, the formation
driving is rarely used in the sweeping applications.
Virtual structures [6, 36, 37], behavioral [25,
26], and leader-follower methods [11, 13, 14, 19,
31] are the three main approaches of the formation driving in literature. We use the leaderfollower approach in this article. In this branch of
the formation driving techniques, a robot or several robots are designated as leaders and the others are following them. The standard scheme with
one leader is published for example in [31] and
an approach with multiple leaders is presented
in [19].
For techniques of multiple robots coordination
related to this work, we refer to [10, 12, 27, 28].
The formation driving methods are aimed mainly
at tasks of a formation stabilization in desired
shapes [1, 16, 21] and a formation following predefined paths [15, 20, 43]. In [16], the task of the
formation stabilization is tackled for formations
with communication delays. The paper studies
an effect of the communication delays on the

J Intell Robot Syst (2013) 72:239–261

convergence to a desired pattern. In [21], a multiagent control system that uses an artificial potential based on bell-shaped functions is proposed.
In [1], the formation stabilization of vertical
take-off and landing unmanned aerial vehicles is
addressed. The stability of the approach in presence of communication delays is proven using
Lyapunov–Krasovskii functionals.
The path following problem is tackled by designing a nonlinear formation control law based
on the virtual structure approach in [20]. The
problem is solved individually for each mobile
robot by introducing a virtual target propagated
along the path. In [15], the path following is investigated for groups of robots with limited sensing
ranges. In [43], beyond the trajectory tracking, a
possibility of an autonomous design of geometric
pattern of the desired formation is discussed.
In all these methods, the trajectory that has
to be followed by the formation is designed with
a standard path planning method modified for
the formation driving or by a human operator.
In this paper, such a concept is employed for the
sweeping mode, which is suited for the following
of the runway axes. The approach designed for
the moving mode goes beyond these state-of-theart methods. It provides an integration of the
global trajectory planning and local control for
the leading vehicle as well as for the followers.
This is crucial for the planning of the complex
maneuvers necessary for the turning at the end
of blind runways. Therefore, it does not need any
given trajectory as it is usual in the case of the
state-of-the-art formation driving methods.
The Model Predictive Control (MPC) (also
known as a receding horizon control) is an optimization based control approach suitable for stabilizing nonlinear dynamic systems [2, 4]. Therefore,
this technique is frequently used for the control
of nonholonomic formations. It enables to achieve
the desired system performance and to handle the
system constraints. The MPC methods are summarized in [30] and the nonlinear MPC methods
in [7]. One of the first MPC algorithms employed
for the formation driving in environment without
obstacles are presented in [17, 18].
Beside these initial works, the MPC is mainly
used to respond to changes in dynamic environment again in tasks of the trajectory tracking and
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the formation stabilization in the desired shape
[8, 9, 41, 44]. A MPC method used for the obstacle
avoidance with a priority strategy to ensure the
inter-vehicle collision avoidance is presented in
[8]. The trajectory tracking mechanism developed
in [44] is based on an integration of a differential
evolution algorithm into the MPC concept. A
formation control technique using the MPC for
the path tracking with an obstacle avoidance function is presented in [41]. The method employs a
heuristical approach to reduce the computational
time of MPC iterations and to enable an on-line
deployment. An algorithm for the formation stabilization along a given path is presented in [9].
In this leader-follower method, the stabilization of
formations that move backwards is investigated.
We go beyond the work in [9] in the method
developed for the moving mode. We apply the
MPC for the followers stabilization in the desired
positions behind the leaders as in [9], but also for
the virtual leaders trajectory planning to a desired
goal area. In [9], a given trajectory is required and
the autonomous design of complex manoeuvres is
not solved. Our contribution is a general approach
that provides a trajectory planning for the formations to reach the target region. The new concept
of the MPC combines the trajectory planning to
the desired goal region and the immediate control
of the formation into one optimization process.
We extend the leader-follower concept with the
idea of two virtual leaders, one used for the forward and one for the backward movement. This
approach is necessary for the autonomous designed of complicated manoeuvres for the car-like
formations. To our best knowledge, this is the first
method providing a general solution of the trajectory planning for the formations of car-like robots
turning on spot in a straitened environment with
dynamic obstacles. This an important skill for the
mentioned airport snow shovelling application.
Some particular ideas presented in this article have been already published in a conference
paper [40]. Here, a more comprehensive description of the methods, a novel stability and convergence theory and some additional experiments
demonstrating abilities of the proposed approach
are proposed. The article is structured as follows:
Section 2 summaries necessary preliminaries and a
short description of the standard methods utilized
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in our approach. In Section 3, an overview of
the airport snow shoveling system is presented. In
Section 4, a description of the algorithms designed
for the sweeping and moving modes is provided.
Section 5 proposes proofs of convergence of both
methods. In Section 6, the system is verified
by simulations and by hardware experiments.
Final conclusions and remarks are presented in
Section 7.

Let us define a time interval [t0 , tend ] containing a finite sequence of elements of increasing
times {t0 , t1 , . . . , tend−1 , tend }, such that t0 < t1 <
. . . < tend−1 < tend . By integrating the kinematic
model over this interval and holding constant control inputs over each time interval [tk , tk+1 ) we
can derive a model in discrete transition points. In
the transition points, the control inputs abruptly
change. From this point we refer to tk using its
index k for simplification. If K j(k + 1) = 0, the
discrete model is

2 Preliminaries
For clarification purposes, one can find a list
of variables and symbols used in this article in
Table 1. In this article, we assume a formation
of η autonomous snow ploughs employed for the
runways sweeping at an airport with a known map.
All ploughs are considered as followers in the
proposed method. The group is led by one virtual
leader in case of the seeping mode or by two
virtual leaders in case of the moving mode. The
virtual leaders are complementary and therefore
one and only one has assigned the leadership at
the moment. The virtual leaders are denoted with
index L. Indexes L1 and L2 distinguish between
particular virtual leaders only if it is necessary for
the methods description. The followers are denoted with their index i and so i ∈ {1, . . . , η}. The
configuration of a robot (a follower or a leader)
at time t is denoted as ψ j(t) = {x j(t), y j(t), θ j(t)},
with j ∈ {1, . . . , η, L}. The Cartesian coordinates
(x j(t), y j(t)) for any arbitrary configuration ψ j(t)
define position p̄ j(t) of a robot and θ j(t) denotes
its heading. The environment of the robots contains a finite number n0 of compact obstacles.
2.1 Kinematic Model
The kinematics for the followers and virtual leaders is described by the simple nonholonomic kinematic model:
ẋ j(t) = v j(t) cos θ j(t)
ẏ j(t) = v j(t) sin θ j(t)
θ̇ j(t) = K j(t)v j(t),

(1)

where velocity v j(t) and curvature K j(t) represent
control inputs ū j(t) = (v j(t), K j(t)).

x j(k + 1) = x j(k) +

1
K j(k + 1)


× sin(θ j(k) + K j(k + 1)v j(k + 1)

× t(k + 1)) − sin θ j(k)) ,
y j(k + 1) = y j(k) −

1
K j(k + 1)


× cos(θ j(k) + K j(k + 1)v j(k + 1)

× t(k + 1)) − cos θ j(k)) ,
θ j(k + 1) = θ j(k) + K j(k + 1)v j(k + 1)t(k + 1),
(2)
and if K j(k + 1) = 0,
x j(k + 1) = x j(k) + v j(k + 1) cos(θ j(k))t(k + 1),
y j(k + 1) = y j(k) + v j(k + 1) sin(θ j(k))t(k + 1),
θ j(k + 1) = θ j(k) + K j(k + 1)v j(k + 1)t(k + 1).
In the model, x j(k) and y j(k) are the rectangular
coordinates and θ j(k) the heading angle for the
configuration ψ j(k) at the transition point with index k. Velocity v j(k + 1) and curvature K j(k + 1)
are control inputs that are constant between transition points with index k and k + 1. The sampling
time t(k + 1) may not be uniform in the whole
interval [t0 , tend ] as is shown later. This model and
notation allow us to describe long trajectories of a
robot using a minimal amount of information such
as: i) its initial configuration, ii) the sequence of
switching times, and iii) the sequence of control
actions that are applied between the transition
points.
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Table 1 List of variables and symbols used in this article
η∈N
n0 ∈ N
L
i
j
θ j(t) ∈ R
ψ j (t) ∈ R3
p̄ j (t) ∈ R2
(x j (t), y j (t)) ∈ R2
( p j (t), q j (t)) ∈ R2
v j (t) ∈ R
K j (t) ∈ R
ū j (t) ∈ R2
vmax,i ∈ R
vmin,i ∈ R
Kmax,i ∈ R
t(k) ∈ R
rs ∈ R
ra ∈ R
rs,L ∈ R
ra,L ∈ R
TN
TM

N∈N
M∈N
n∈N
 ∈ RM
T L,M
 L,N ∈ R3N
 L,M ∈ R3M
U L,N ∈ R2N
U L,M ∈ R2M
ū App (·) ∈ R2
U App ∈ R N+M
t App (l) ∈ R
 L,1 ∈ R5N
 L,2 ∈ R6N+8M−2
()◦
()init
() App1
() App2
nsw1 ∈ N
nsw2 ∈ N
d,i ∈ R3N
i ∈ R3N
Ui ∈ R2N
i ∈ R5N
ϕ

The number of followers
The number of static and dynamic obstacles in the workspace of robots
The symbol denoting variables related to virtual leaders; Symbols L1 and L2 distinguish between
particular virtual leaders only if necessary.
The symbol denoting variables related to i-th follower
The symbol denoting variables related to j-th entity, a follower or a virtual leader
the heading of j-th entity ( j ∈ {1, . . . , η, L}) at time t
The configuration (position and heading) of j-th entity at time t
The position of j-th entity at time t
The position of j-th entity in Cartesian coordinates at time t
The position of j-th entity in curvilinear coordinates at time t
The velocity of j-th entity at time t
The curvature of j-th entity at time t
The control inputs (velocity and heading) for j-th entity at time t
The maximal forward velocity of the i-th vehicle
The limit on the backward velocity of the i-th vehicle
The maximal control curvature of the i-th vehicle
The time difference between the k-th and k + 1-th transition points.
The radius of a circular detection boundary; Single robots should not respond to obstacles detected
outside this region.
The radius of a circular avoidance boundary; Distance between the robots and obstacles less than
ra is considered as inadmissable.
The extended detection radius including the size of the formation for the virtual leader planning
The extended avoidance radius including the size of the formation for the virtual leader planning
The first part of the control horizon with constant time difference between transition points;
This interval provides immediate control inputs regarding the local environment.
The second part of the control horizon with variable time difference between transition points;
This interval captures global characteristics of the environment to properly navigate the formation
to the goal.
The number of transition points on the interval T N
The number of transition points on the interval T M
The number of transition points on the part of interval T N , which is applied in each receding step
The set of varying values of time difference between neighbouring transition points on the interval T M
The set of states (in the transition points) on the interval T N
The set of states (in the transition points) on the interval T M
The set of control inputs applied between the transition points on the interval T N
The set of control inputs applied between the transition points on the interval T M
Control inputs applied for movement of virtual leaders in the appendixes
The set of control inputs applied for movement of virtual leaders in the appendixes
The time of movement of a virtual leader in the l-th appendix
The optimization vector used for the trajectory planning of the virtual leader in the sweeping mode
The common optimization vector used for the trajectory planning for both virtual leaders in the
moving mode
The notation for denoting results of the optimization process
The notation for denoting variables applied as initialization of the optimization processes
The notation for denoting states and control inputs of the first virtual leader in the appendixes
The notation for denoting states and control inputs of the second virtual leader in the appendixes
The number of intervals in which the first virtual leader has the leadership
The number of intervals in which the second virtual leader has the leadership
The set of desired states derived from ◦L for the i − th follower
The set of states of the i − th follower in the transition points
The set of control inputs of the i − th follower applied between the transition points
The optimization vector used for the trajectory tracking of the i − th follower
The path (the set of runway axes) that has to be followed by the formation in the sweeping mode
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2.2 Formation Driving Concept
The presented approach relies on the well known
leader-follower method frequently used in applications of car like robots [5]. In the method, the
followers track the leader’s trajectory in a predefined spacing. The followers are maintained in
a relative distance to the leader in a curvilinear
coordinate system with two coordinates p and q.
The coordinate p traces the leader’s trajectory
and the coordinate q is perpendicular to the axis
p in the leader’s position as is demonstrated in
Fig. 2. The positive direction of p is defined from

the leader’s position back to the origin of its movement and the positive direction of q is defined in
the left half plane in the direction of the forward
movement of the leader.
The shape of the formation is thus uniquely
determined by the parameters pi and qi , which are
defined for each follower i. To convert the state
of the followers in the curvilinear coordinates to
the state in the rectangular coordinates, the state
of the leader at the travelled distance pi behind
its actual position needs to be shifted in distance
qi (see Fig. 2). Details of this transformation can
be found in [5]. Therefore, the positions of i-th
follower can be determined only if pi ≥ 0, since
the real position of the leader in future is unknown
yet. The necessity of the two virtual leaders concept during the reverse driving comes from this
observation.
2.3 Control constraints

(a) Constant curvature.

For all followers, the control inputs are limited
by the vehicle mechanical capabilities (i.e., chassis and engine). The limits can be described by
inequalities vmin,i ≤ vi (k) ≤ vmax,i and |Ki (k)| ≤
Kmax,i , where vmax,i is the maximal forward velocity of the i-th vehicle, vmin,i is the limit on
the backward velocity and Kmax,i is the maximal
control curvature. These values can be different
for each of the followers.
The movement of the virtual leaders is not
limited by their mechanical capabilities, but it
must respect constraints of the guided formation
as is introduced in [5]. For the virtual leaders,
the admissible control set can be determined by
applying the leader-follower approach using the
pi and qi coordinates as

Kmax,L = min

i=1,...,η


Kmin,L = max

i=1,...,η


vmax,L (t) = min
(b) Variable curvature.
Fig. 2 Curvilinear coordinates p and q of a snow shoveling
formation, which follows paths with different curvature

i=1,...,η


vmin,L (t) = max

i=1,...,η

Kmax,i
1 + qi Kmax,i
−Kmax,i
1 − qi Kmax,i
vmax,i
1 + qi K L (t)






vmin,i
.
1 + qi K L (t)

(3)
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These restrictions must be applied to satisfy
different values of curvature and speed of robots
in different positions within the formation during
the turning maneuvers. Intuitively, the robot following the inner track during turning goes slower
but with a bigger curvature than the robot further
from the center of the turning. The equations
simply arise from the facts that the followers are
turning around the same Instantaneous Center of
Curvature (ICC) and with the same angular speed.
These restrictions ensure that the formation remains compact during the turning.
The common ICC evokes that robots with
different positions within the formation have to
turn with different curvatures. Therefore, the limits on the curvature of the leader’s trajectory must
ensure that all of the robots are capable to follow the curvature that depends on their position
within the formation. The constant angular speed
of robots turning with different curvature enforces
the followers to go with different velocity to be
able to pass the curve at the same time. Again, the
limits on the leader’s velocity must ensure that all
of the robots are capable to go with the velocity
that depends on their position within the formation. The proposed methods enable to incorporate
these nonholonomic constraints directly into the
MPC formation driving.

2.4 Model Predictive Control
The main idea of the Model Predictive Control
or so called Receding Horizon Control (RHC) is
to solve a moving finite horizon optimal control
problem for a system starting from the initial
configuration ψ(t0 ) over a time interval [t0 , t f ]
under a set of constraints on the system states
and control inputs. After a solution of the optimization problem is obtained, a portion of the
computed control actions is applied on the interval [t0 , t0 + tn], known as the receding step. t
is uniform sampling interval between two neighboring transition points defined by the model in
Eq. 2. This process is then repeated on the interval
[t0 + tn, t f + tn] as the finite horizon moves
by time steps defined by the sampling time tn,
yielding a state feedback control scheme strategy.
The number of applied constant control inputs n
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is chosen according to computational demands as
was explained in [39].

3 System Overview
The aim of this section is to provide a schematic
description of the overall control and planning
system developed for the autonomous airport
snow shoveling. The highest planning level of the
proposed scheme (see the Fig. 3) is the Formations Composition and Task Allocation algorithm.
This method enables to autonomously create adhoc formations and plan their tasks. The obtained plan depends on priority setting for each
road, on the airport traffic as well as on the
snowing intensity. An execution step of the Task
Allocation module is triggered by snowplows that
have just accomplished (or failed) their task and
they are waiting for new instructions. This paper
does not aim at a description of the task allocation process, which is presented in our previous
publication [38].
In Fig. 3, a mechanisms of the formation control, stabilization, navigation and planning for one
of the created formations is described. The control system for each formation is divided to two
blocks. The first block, called Virtual Leader, is
responsible for the navigation and control of the
virtual leader (or leaders in the case of the moving
mode). In this part, we have to distinguish the
two different behaviors: the sweeping mode and
the moving mode. In the sweeping mode, a path
associated to the task, which is allocated for the
formation by the task allocation, acts as an input
of the Path Planning module. In the airport snow
shoveling application, such a desired path is a
sequence of axes of runways that have to be freed
from snow. This path is followed by the midpoint
of the effective width of the formation. The virtual leader of the formation is navigated along
this path using the RHC based control concept,
which is described in Section 4.1. In each step of
the control loop, only the first n samples of the
solution are used for the control of the robots. The
rest of the solution can be used for the initialization of the planning task in the next step via the
Leader Initialization module. This speeds up the
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Fig. 3 Scheme of the
complete sweeping
system with detailed
description of the
formation control
mechanism. The arrows
denote communication
links between the
different modules

planning process, because the plan is significantly
altered only in case of the changed topology of the
environment.
In the moving mode, the desired task given by
the task allocation is represented by the target
region that has to be reached by the formation. In
this mode, the Trajectory Planning block provides
control inputs for the virtual leaders, but also the
complete trajectory to the target region that is collision free for the whole formation. The trajectory
is described by a sequence of configurations of
the virtual leaders and by control inputs, that are
applied in between the transition points. A part of
the output of the Trajectory Planning is again reused through the Leader Initialization module as
a new initialization of the next control step. In the
2 leaders separation module the virtual leader’s
trajectory is analysed. If a change of the speed
direction is detected, the trajectory is splitted in a
way that the first virtual leader guides the forma-

tion during its forward movement and the second
virtual leader guides the formation during the
backward movement. In the Formation Driving
module, the first N components of the leader plan
are transformed to the desired configurations of
the followers in both, the sweeping and moving
modes (see Section. 2 for details on the formation
driving approach).
The blocks, called Follower 1–Follower nr , describe control of each of the followers. The core
of this block is the Trajectory Following module
that designs collision free control inputs for the
vehicles. This part is responsible for the avoidance
of impending collisions with obstacles or other
members of the team and it corrects the deviations
from the desired trajectory due to perturbations.
Again only the first n components of the optimal solution are applied to the real system and
the rest is recycled in the Follower Initialization
module.
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4 Virtual Leaders Planning
In this section, the methods for trajectory planning
of the virtual leaders are presented. The proposed
algorithms are designed to find a feasible, collision
free solution for the entire formation of nonholonomic robots solving the sweeping tasks.
4.1 Path Following
The first method, introduced in the Path Following module in Fig. 3, enables to control the
autonomous ploughs in the sweeping mode. Using
outputs of this algorithm, the formation is navigated along the axes of runways to effectively
cover their surface by robot’s effectors. Let us call
the path that has to be followed by the virtual
leader of the formation as ϕ. In the airport application, the path ϕ provided by the Task Allocation
module is a sequence of line segments (axes of
connected runways and auxiliary roads).
The core idea of the method is to find a control sequence, which could navigate the formation
along the runways axes, by minimizing a given cost
function under the MPC concept. By applying this
approach, the group should be able to respond
to changes in workspace that can be dynamic or
newly detected static obstacles. To define the trajectory planning problem in a compact form, we
need to gather states ψ L (k), where k ∈ {1, . . . , N},
into vector  L,N ∈ R3N and the control inputs
ū j(k), where k ∈ {1, . . . , N}, into vector U L,N ∈
R2N . All variables describing the trajectory of the
virtual leader can be collected in an optimization
vector,  L,1 = [ L,N , U L,N ] ∈ R5N .
The path following problem is then transformed to the minimization of cost function
J L,1 ( L,1 ) subject to sets of constraints hT N (k) = 0,
∀k ∈ {0, . . . , N−1}, and gT N (k) ≤ 0, ∀k ∈ {1, . . . , N}.
The cost function J L,1 ( L,1 ) is defined as
JL,1 ( L,1 ) =

N−1

k=1

d (ϕ, p̄L (k))2




dist( L,1 )−rs,L
+ α min 0,
dist( L,1 )−ra,L

2

The first term penalizes solutions with states
deviated from the desired path. The influence of
the environment on the final solution is added
to the cost function in the second term. Function d (ϕ, p̄L (k)) provides the minimal distance
between the desired path ϕ and the position of
the virtual leader p̄L (k). The function dist( L,1 )
provides Euclidean distance between the closest
obstacle and the virtual leader’s trajectory. The
third term of the objective function is important
for the convergence of the method. The function
length( L,1 , ϕ) gives the length of the path ϕ
between the closest point on ϕ to the last state
ψ L (N) and the desired end of ϕ. It “pulls” via the
constraints hT N (·) all states ψ L (k), k ∈ {1, . . . , N},
along ϕ to the end of ϕ. Finally, the constants
α and β are utilized for the balancing of frequently antagonistic endeavors: i) closely follow
the desired path, ii) avoid dynamic obstacles and
iii) reach the desired goal as soon as possible.
The kinematic model in Eq. 2 with initial conditions given by the actual state of the virtual
leader is represented using the equality constraints hT N (k), ∀k ∈ {0, . . . , N − 1}. These constraints have to be satisfied for any two neighbouring states (the transition points) and the control
inputs in-between of them. The control inputs
must transform the system from one state into the
neighbouring state using the discretized kinematic
model in Eq. 2. This satisfies that the obtained
trajectory stays feasible with respect to the kinematics of nonholonomic robots. The dynamic motion constraints do not have to be included into
the optimization process, since they are handled
by the MPC replanning.
Set of constraints gT N (k), ∀k ∈ {1, . . . , N}, characterizes bounds on the velocity and curvature
of the virtual leaders defined in Section 2. These
constraints are satisfied if the leader’s control constraints are not violated. If they are satisfied, the
control inputs derived for each of the followers
respect motion limitations of the particular vehicle
and the formation stays stable.
4.2 Trajectory Planning

2

+ β d(ϕ, p̄L (N))+length( L,1 , ϕ) .
(4)

The second algorithm designed for the virtual
leaders is introduced in the Trajectory Planning module in Fig. 3. It enables to control the

248

autonomous ploughs in the moving mode. In the
Trajectory Planning module, the navigation and
control of the formation towards a desired target
region are solved. During the airport snow shoveling, this algorithm is employed for the movement
of the formation between the end of the sweeping
task, where the sweeping mode is used, and the
beginning of a new task. In addition, the complex
trajectory planning is important for the turning
of the sweeping formation at the end of blind or
blocked roads. This problem usually requires a
complicated manoeuvring with multiple switching
between forward and backward directions of the
formation movement. The manoeuvre has to be
designed autonomously based on the size of the
formation and the width of the road.
The change of the movement from the forward to the backward direction introduces some
difficulties in the nonholonomic formation driving
as shown in Fig. 4. In the formation driving concept introduced in [5] and briefly sketched in
Section 2.2, the followers follow the virtual leader
into the place where the leader changes the polarity of its velocity. From this points, followers
also start moving backwards, which may cause
collisions or an unacceptable disordered motion.
In case of more robots going consecutively one
by one, the followers at the rear of the formation
continue into the place of change of velocity, while
the followers in the front are already going back
against them.

Fig. 4 Demonstrations of difficulties that can occur during
manoeuvres of formations of car-like robots using the
common leader-follower concept and motivation for the
development of the 2 virtual leaders approach. The snapshots were captured at times: t A < t B < tC . The situation
has been motivated by turning of a compact fleet of autonomous airport snow ploughs at the end of blind runways
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A logical solution of this problem is to change
the polarity of followers velocity in the same moment. Then, the shape of the formation remains
compact and the followers can stay at their desired
positions within the group. To be able to apply the
leader-follower concept also during the backward
movement, the position of the virtual leader has
to be suddenly shifted to satisfy the assumption
pi ≥ 0, ∀i ∈ {1, . . . , η}.
We propose a formation driving concept employing two virtual leaders, one for the forward
movement and one for the backward movement.
The virtual leaders are positioned at the axis of
the formation, one in front of the formation and
one behind the formation. With this approach, it
is possible to optimize trajectories of both leaders
together to coordinate their movement. This is
necessary to ensure the integrity of the solution
for these separated plants (Fig. 5).
The standard MPC method, which provides
only local control inputs on the control horizon
T N , has to be extended to enable the integration
of the movement of both virtual leaders into a
complex manoeuvre. We propose to encapsulate

Fig. 5 A trajectory with denoted control inputs and states
of virtual leaders (obstacles forcing the planning algorithm
to make such a complicated movement with reverse driving
of the formation are not denoted). The obtained solution
of the optimization has been divided into two trajectories.
The solid line denotes the trajectory of the first virtual
leader and the dashed line denotes the trajectory of the
second virtual leader
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the trajectory planning of both virtual leaders into
an additional finite time interval T M .
The interval T M (with M transition points)
is placed behind the time interval T N . It takes
into account information about the global character of the environment to properly navigate
the formation to the goal. In this interval, the
values t(k + 1) = tk+1 − tk are variables taking
part of the optimization process (on the contrary to the interval T N , where t is constant).
Therefore, the transition points in interval T M are
distributed irregularly in the regions where a complicated manoeuvre of the formation is needed.
This approach enables to autonomously compose
the manoeuvres containing multiple switching between the virtual leaders. For the compact description, the time differences between neighboring transition points are collected into the vector

T L,M
= {t(N + 1), . . . , t(N + M)}. Moreover,
the states ψ L (k), k ∈ {N + 1, . . . , N + M}, on the
interval T M are gathered into the vector  L,M ∈
R3M and the control inputs ū L (k), k ∈ {N + 1, . . . ,
N + M}, into the vector U L,M ∈ R2M .
To ensure the smooth movement of all robots
that keep the desired shape of the formation, the
second virtual leader has to be placed on the
passed trajectory of the first virtual leader at time
of the direction of movement alternation. This is
necessary due to the deployment of nonholonomic
robots as clarified in Fig. 4. Therefore, the formation
has to travel to the distance maxi={1...η} pi . This
forms an appendix on the trajectory in comparison to a trajectory that could be followed
by a single robot. The minimal length of this
additional trajectory, necessary for the formation
movement, is defined by the size of the formation.
To guarantee a compact collision free plan, the
plans of both leaders together with interconnecting appendixes must form an integrated solution
of the trajectory planning process. Let us collect control inputs ū App (k), k ∈ {1, . . . , N+ M−1},
which are applied for the movement of the virtual leaders in the appendixes, in a vector U App .
N + M − 1 is the maximal theoretical number of
switches between the virtual leaders. Usually
the number of switches, which is autonomously
determined during the optimization process, is
significantly lower. All variables describing the
complete trajectory for both virtual leaders form
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the optimization vector  L,2 = [ L,N , U L,N ,  L,M ,

U L,M , T L,M
, U App ] ∈ R7N+8M−2 .
Similarly as in the sweeping mode, the
trajectory planning and the obstacle avoidance
problem for both virtual leaders is transformed
into the minimization of a single cost function.
For the moving mode, the cost function J L,2 ( L,2 )
is subject to sets of equality constraints hT N (k) =
0, ∀k ∈ {0, . . . , N − 1}, hT M (k) = 0, ∀k ∈ {N,. . ., N+
M − 1}, and inequality constraints gT N (k) ≤ 0,
∀k ∈ {1,. . ., N}, gT M (k) ≤ 0, ∀k ∈ {N+1,. . ., N+ M},
g S F (ψ L (N + M)) ≤ 0. The cost function is given
by the equation
J L,2 ( L,2 ) =

N+M


t(k) + t App (k)

k=1



2
dist( L,2 ) − rs,L
+ α min 0,
.
dist( L,2 ) − ra,L
(5)
The first part of J L,2 (·) expresses the aim of
the trajectory planning to reach the desired target
region as soon as possible. The values tapp (·) estimate the time of movement of the virtual leaders
in the appendixes. The second part of the cost
function is equivalent with the second part of the
Eq. 4. The influence of both parts of the cost
function is adjusted by the constant α. For applications, where it is important to find a solution
as soon as possible, this value should be less than
one and contrariwise if a safeness is preferred the
value should be increased. For the experiments
realized within the airport snow shoveling project,
the constant is set as α = 1.
The equality constraints hT N (k), ∀k ∈ {0, . . . ,
N − 1}, are identical to the equality constraints
in Eq. 4. The equality constraints hT M (k), ∀k ∈
{N, . . . , N + M − 1}, represent the kinematic
model in Eq. 2 on the interval T M . Similarly,
the set of inequality constraints gT N (k), ∀k ∈
{1, . . . , N}, is identical to the set of constraints
introduced in Eq. 4. The set of constraints gT M (k),
∀k ∈ {N + 1, . . . , N + M}, characterizes bounds
on the velocity and curvature on the interval T M .
These constraints also ensure that inequalities
t(k) ≥ 0 are satisfied. The stability constraint
g S F (ψ L (N + M)) := r S F −  p̄L (N + M) − C S F  is
satisfied if the obtained trajectory enters the

250

J Intell Robot Syst (2013) 72:239–261

target region. This is important for the convergence analyses. It is assumed that the target
region is a circle with radius r S F and center C S F .
4.3 Trajectory Tracking for Followers
The trajectory of the leader obtained as the result
of one of the approaches introduced in the previous subsections is used as an input of the formation driving mechanism (the block Formation
Driving in Fig. 3). As described in Section 2.2,
the leaders’ plan is transformed for each of the
followers by the approach introduced in [5]. The
obtained sequences ψd,i (k) = ( p̄d,i (k), θd,i (k)), k ∈
{1, . . . , N}, (collected to d,i ) are then utilized
as desired states for the trajectory tracking algorithm. The trajectory tracking with obstacle avoidance functions is realized for each of the followers
in the path following block. It enables to respond
to events that occur in the environment behind the
actual position of the leader and to an incorrect
movement of a neighbor in the formation.
For the description of the followers’ trajectory
planning, the states ψi (k), where k ∈ {1, . . . , N},
and the control vectors ūi (k), where k ∈ {1, . . . , N},
describing the trajectory of the i-th follower are
collected into vectors i ∈ R3N and Ui ∈ R2N .
The optimization vector i = [i , Ui ] ∈ R5N is
used in a static optimization process under the
receding horizon scheme. The discrete-time trajectory tracking for each follower is then transformed to an optimization problem with a cost
function Ji (i ) subject to equality constraints
hi (k) = 0, ∀k ∈ {0, . . . , N − 1}, and inequality constraints gi (k) ≤ 0, ∀k ∈ {1, . . . , N}, gra (i ) ≤ 0, and
gra,i (i , ◦j ) ≤ 0, ∀ j ∈ n̄n . The proposed cost function consists of three components with their
influence adjusted by constants αi and βi , as
Ji (i ) =

N


p̄d,i (k) − p̄i (k)

2

k=1



2
dist(i ) − rs
+ αi min 0,
dist(i ) − ra
+ βi


j∈n̄n

min 0,

di, j(i , ◦j ) − rs,i
di, j(i , ◦j ) − ra

2
.
(6)

The first component represents deviations of
the positions p̄i (k) from the desired positions
p̄d,i (k), ∀k ∈ {1, . . . , N}. This part of the cost function is crucial for the effort of the trajectory
tracking. The second term in Ji (·) is equivalent
to the second term used in Eq. 5. It ensures that
dynamic or lately detected obstacles are avoided.
The third component of Ji (·) is a sum of avoidance functions in which the other members of the
team are considered also as dynamic obstacles.
This part protects the robots in case of an unexpected behavior of defective neighbors. Function
di, j(i , ◦j ) returns the minimal distance between
the planned trajectory of the follower i and the
actually exercised plan of other followers j ∈ n̄n ,
where n̄n = {1, . . . , i − 1, i + 1, . . . , η}. The detection radius rs,i is usually smaller than the detection
radius rs applied for the obstacle avoidance, because the follower should not try to avoid a close
neighbor if both are at their desired positions.
The equality constraints hi (·) are identical
to the equality constraints hT N (·) from the Eq. 5.
The inequality constraints gi (·) are identical to
the inequality constraints gT N (·). The avoidance
inequality constraints gra (i ) and gra,i (i , ◦j ) are
given by equations gra (i ) := ra2 − dist(i )2 and
2
gra,i (i , ◦j ) := ra,i
− di, j(i , ◦j )2 , j ∈ n̄n .

5 Stability and Convergence Analysis
The convergence of the formation movement in
both MPC modes is shown in this section. In the
sweeping mode, the contraction of the remaining
part of runway axes is used for the convergence
analysis. For the moving mode, a decrease of the
value of the cost function is shown to characterize
the requirements of the convergence. Furthermore, the analysis presented here could help to
clarify the process of switching between the leaderships of both virtual leaders during the turning
manoeuvres.
For the description of the convergence proof,
the optimal costs obtained by solving the problems introduced in Eqs. 4 and 5 at time τ are
denoted as J L,1 (τ )◦ and J L,2 (τ )◦ , respectively. The
perturbations on J L,1 (·)◦ between times τ1 and
τ2 are denoted as D1 (τ1 , τ2 ) and similarly the
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perturbations on J L,2 (·)◦ as D2 (τ1 , τ2 ). The perturbations include change of the optimal cost between consequent MPC planning steps. They can
be caused by dynamic or suddenly appeared obstacles and disturbances due to imprecise model,
sensors and actuators. Finally, the time when
the first virtual leader enters the target region is
denoted as tF .
5.1 The Moving Mode
Firstly, let us introduce the theorem of the convergence for formations working in the moving
mode. In the theorem, it is assumed that there exists a feasible solution of the problem introduced
in Eq. 5 at the initial time t0 . Additionally, it is
assumed that an optimization method capable to
find such a feasible solution is available.
Theorem 5.1 Having a feasible solution of the
problem in Eq. 5, the movement of the formation
under the MPC scheme converges towards the target region SF if perturbations on J L,2 (·)◦ , due to
obstacles penalties, satisfy D2 (τ1 , τ2 ) < nt, between
any two times τ1 = t0 +knt and τ2 = t0 +(k+1)nt,
where k ∈ N ∪ {0} and k < (tF − t0 )/(nt) − 1.
Proof Being inspired by the theory of non-linear
systems in [22], the convergence of the formation to the target region may be proven by
showing the decrease of the optimal cost J L,2 (·)◦
between any two consequent MPC planning
steps. The decrease of J L,2 (·)◦ can be rewritten
as J L,2 (τ +nt) − J L,2 (τ )◦ < 0, τ ∈ {t0 , t0 +nt, t0 +
2nt, . . . , t0 + k̃nt}. Constant k̃ is the biggest
integer satisfying the inequality t0 + (k̃ + 1)nt <
tF . The notation (·) denotes values that are obtained as a result of the optimization at time
τ + nt and the notation (·)◦ denotes values that
are obtained as a result of the optimization at
time τ .
Using the (·)◦ and (·) notation, we can get the
optimal cost at time τ and τ + nt as

◦

J L,2 (τ ) =

◦
N+M


k=1




◦
t◦ (k) + tapp
(k) + c◦

(7)

and
J L,2 (τ + nt)◦ =

N+M





t (k)+tapp (k) +c ,

(8)

k=1

respectively. The symbols c◦ and c substitute the
value of the last term in Eq. 5. The number of
transition points M on the interval T M is also
denoted with ◦ and symbols, since it can be decreased during the MPC process as the formation
approaches the target region.
Let us suppose for now a scenario without perturbations on J L,2 (·)◦ due to dynamic obstacles
or disturbances. Let us divide the optimal trajectory with cost J L,2 (τ )◦ to two parts at time
τ + nt. In an ideal world, the second part is
equivalent to the solution of the optimization
problem in Eq. 5 at time τ + nt. This fact
comes directly from the principle of optimality
[3]. In real applications, the new solution of the
MPC would be slightly different as it responds
to disturbances caused by imprecise actuators
and model of the robots. This evokes a slight
change, usually increase, of the time differences
between the transition points that are involved
in the optimization process as variables. For
the new values of the time differences, we can
write t (k) := t◦ (k)+δt (k), ∀k ∈ {1, · · · , N+ M }
◦
and tapp (k) := tapp
(k) + δapp (k), ∀k ∈ {1, · · · , N +
M }, accept the values that are decreased due
to the shift of the formation as analysed in the
next paragraph. For the convergence analyses,
the values δt (·) and δapp (·) are collected as δ =
 N+M
k=1 (δt (k) + δapp (k)).
Due to the movement of the formation between
the two MPC planning steps, some values of the
time differences between the transition points are
always shortened. To be able to show the decrease of the cost function, we have to analyse
all situations that can occur during an arbitrary
manoeuvre in the following.
1) In the first situation (the MPC step depicted
in snapshot A in Fig. 6—the shadow contours
denote robots in the time of planning and the
color pictures denote robots after applying
the n control inputs), all values in J L,2 (τ +
nt) remain unchanged from J L,2 (τ )◦ , except the time when the first control input on
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Therefore M := M◦ −1, t (k) := t◦ (k+1)+
δt (k), ∀k ∈ {N + 1, · · · , N+ M } and tapp (1) :=
◦
t◦ (N + 1) + tapp
(1) + δapp (1) − nt.
4) Similarly as in the item 1), only the time, when
the first control input is applied, is changed
during the movement of the virtual leader
in the appendix (Fig. 6D). In this case, the
◦
contraction is described as tapp (1) := tapp
(1) +
δapp (1) − nt.
5) If the duration of the tapp (1) is shorter than
nt (Fig. 6E), both time differences, tapp (1)
and t (N + 1), are changed as t (N + 1) :=
◦
t◦ (N + 1) + tapp
(1) + δt (N + 1) − nt and
tapp (1) := 0.

Fig. 6 An example of the turning manoeuvre of the formation presented for the prof of convergence of the planning
process into the target region. The snapshots A–E represent specific situations analysed in the list in Section 5.1.
The period of replanning is nt = 1 (n = 2; t = 0.5)

the interval TM is applied. This period is shortened as t (N + 1) := t◦ (N+1)+δt (N+1) −
nt due to the receding step described in
Section 2.4.
2) If the duration of the t◦ (N + 1) is shorter
than nt (Fig. 6B), the first transition point
of T M is “absorbed” by the interval T N between the MPC steps. Therefore M := M◦ −
1, t (N + 1) := t◦ (N + 1) + t◦ (N + 2) +
δt (N + 1) − nt and t (k) := t◦ (k + 1) +
δt (k), ∀k ∈ {N + 2, · · · , N + M }.
3) The “absorption” of the transition point of
TM occurs also if the virtual leader arrives
to an appendix (Fig. 6C). Additionally, the
estimated time of the virtual leader’s movement in the appendix is shortened in this case.

Considering the entire turning manoeuvre of
the formation in Fig. 6, one can see that the mentioned list of possible situations is complete. After
applying the item 5) from the list, the leadership
is transferred to the second virtual leader and the
item 1) of the list can be repeatedly used to describe the backward movement. Afterwards, the
item 2) is used if there is an additional transition
point on interval T M before the next appendix. If
not the item 3) is employed, which is follows by
utilization of the item 4), 5) etc.
Putting together the inequalities that have to be
verified, J L,2 (τ +nt) − J L,2 (τ )◦ < 0, Eqs. 7 and 8
and the observations summarized in the list, we
get an inequality −nt + δ + c − c◦ < 0 for each
situations in the list. Let us now substitute δ +
c − c◦ := D2 (τ, τ + nt) in the inequality. We
can conclude that the requirement on perturbations D2 (·, ·) < nt from Theorem 5.1 ensures
the desired decrease of J L,2 (·)◦ and consequently
the convergence of the formation to the target
region in all possible manoeuvres designed by the
proposed method.
In the environment with known and static
obstacles, the perturbations D2 (·, ·) are caused
mainly by the imprecise actuators and models of
the robots. In the proof, this part of perturbations
is collected under the symbol δ. It was observed
that δ depends mainly on the robotic platform
and it remains approximately constant during the
mission. Therefore, it is possible to set the MPC
constants t and n in a way that satisfies the
inequality D2 (·, ·) < nt.
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In the presence of dynamic obstacles or suddenly detected obstacles, the influence of the third
term of Eq. 5 may be the dominant part of the
perturbations. In the proof, this part is included
in the difference c − c◦ . The inequality D2 (·, ·) <
nt may be then violated even if δ is sufficiently
small. In this case, the convergence into the target
region may be temporarily broken. If such a situation is detected by a longer-term growth of the
value of the cost function, the formation may be
forced to stop and the planning process needs to
be restarted.
5.2 The Sweeping Mode
In the sweeping mode, it is much more straightforward to show the convergence of the formation
motion into the end of the sweeping task. The cost
function in Eq. 4 is designed in such a way that enables to show the convergence directly by tracing
the changes of its third part. This term is proportional to the length of the path that is remaining
to be followed by the virtual leader. Let us denote
the path to the of the sweeping task at time τ as
totalL(τ ) := d (ϕ, p̄L (N)) + length( L,1 , ϕ).
Since the input of the sweeping mode is the desired path ϕ (the sequence of runways axes) given
by the Task Allocation module, the length of this
remaining path directly corresponds to the cost to
goal. This is not the case of the moving mode,
where a desired path to the goal is not known
and we cannot observe its contracting. Therefore,
we can write the following trivial theorem for the
sweeping mode without any explicit proof.
Theorem 5.2 Having the path ϕ and a feasible
solution of the problem in Eq. 4, the movement of the formation under the MPC scheme
converges towards the end of ϕ if perturbations
due to obstacles penalties, does not violate the
condition totalL(τ2 ) − totalL(τ1 ) < 0, between any
two times τ1 = t0 + knt and τ2 = t0 + (k + 1)nt,
where k ∈ N ∪ {0} and k < (tF − t0 )/(nt) − 1.
Not only the convergence of the sweeping
process, but also the deviation from the desired
path has to be checked in the sweeping mode.
The deviation is considered as inadmissible if the
tracking error, given by the function d (ϕ, p̄L (·)),
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exceeds a safety threshold. Both violations of
the proper function of the sweeping algorithm
are reported into the Task Allocation mechanism,
where the moving mode is triggered to return the
formation back to the sweeping position.

6 Experimental Results
6.1 Simulations
Results presented in this section have been obtained using the proposed algorithm with parameters: n = 2, N = 4, M = 8, α = 1, β = 1, αi = 1,
βi = 1 and t = 0.25s. In accordance with real
robots, the maximum forward and backward velocities of virtual leaders of the formation are
asymmetrical: vmin,L = −vmax,L /2. Dynamic obstacles move with velocity equal to vmax,L /2. We
have employed the SQP method [34] for solving optimization problems in Eqs. 5 and 6. This
solver provided the best performance from the
tested algorithms. Nevertheless, one can use any
optimization method, which is able to solve the
optimization problems defined in Section 4. The
complete plan of the movement and the number
of switchings between alternations of the leadership have been designed autonomously using
the presented approach. Only the target region
and the desired shape of the formation have been
provided as input of the algorithm.
The proposed formation driving concept is capable to avoid static as well as dynamic obstacles and to prevent collisions within the team in
both operating modes. At the airport, the moving
formation has to avoid static obstacles that are
described in the map. These can be crossroads,
waysides or a runway necking. In the moving
mode, the known static obstacles are included in
the plan of the formation, via the planning horizon
T M , from the beginning of the movement. In the
sweeping mode, the formation follows the axis of
the runway and the obstacles or a change of the
axis direction are considered only when they are
in the reach of the control horizon T N . The dynamic obstacles, as for example service cars, need
to be detected by on-board sensors of the snow
ploughs.
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Fig. 7 A snapshot of the
formation cleaning a
sequence of runways in
the sweeping mode with
depicted history of the
movement and actual
plans of the virtual leader
and the followers

The first simulation (Fig. 7) shows the performance of the system in the sweeping mode. The
formation follows a sequence of runways axes in
a shape appropriate for pushing the snow to the
side of roads. In the history of the movement, one

can see the ability of the method to smoothly pass
through the sharp interconnections of the axis.
An example of the static obstacle avoidance
during the sweeping is presented in Fig. 8. In the
simulation, the formation is following the axis of

(a) The first obstacle is detected by the formation.

(f) The bottleneck of the runway is detected.

(b) The formation is avoiding the first obstacle.

(g) The formation is passing the bottleneck.

(c) The snow-ploughs are going back to their desired positions.

(h) A temporarily contracted shape of the formations.

(d) The second obstacle is detected.

(i) The formation is back in the sweeping shape.

(e) The formation is avoiding the second obstacle.
Fig. 8 Obstacle avoidance in the sweeping mode
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Fig. 9 A solution of the trajectory planning for the formation in the moving mode with denoted initialization

the runway in the shape appropriate for the snow
shoveling. The history of the formation movement
and the actual plans of the followers are depicted
in each snapshot. Two obstacles are detected and

avoided by the formation in snapshots 8a–e. The
simulation continues with snapshots 8f–e, where a
bottleneck of the runway is detected. The bottleneck is considered in the plan of the followers and
the formation is temporarily contracted to be able
to pass through.
In the third simulation (Fig. 9), a plan between
the actual position of the formation and the target
region is depicted. The plan is found by the leader
trajectory planning in the moving mode. It avoids
all corners of the road although the initialization
of the planning process (the straight line) was
colliding with them.
Simulation in Fig. 10 demonstrates the ability
of the collision avoidance within the robots in
the formation. To show this property a failure of
one of the followers of the formation has been
simulated. Its steering has been blocked, which
results in its deviating from the desired position
within the formation. This unforeseen behavior
has forced the remaining robots to an avoidance
maneuver. In the snapshots of the simulation, one
can see the incorporation of the movement prediction of the broken robot into the plans of the

Fig. 10 A sequence of
snapshots presenting the
failure tolerance of the
system by simulation a
failure of a follower. The
robot in the most right of
the first line of the
formation is suddenly
deviating from its desired
position in the formation
(its steering is blocked)

(a) The beginning of the follower
failure.

(b) Another follower is avoiding
the broken robot.

(c) The last robot of the formation is
planning its avoidance manoeuvre.

(d) All remaining robots avoided
the broken one.
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remaining followers. This ability is enabled by the
third term of the Eq. 6.
The simulation in Fig. 11 demonstrates the
process of switching between the sweeping and
the moving modes. In the scenario, a formation
cleaning a runway has to change its shape to be

able to turn at the end of the road and to continue
back with the sweeping. In the sweeping mode, the
formation is in the shape appropriate for pushing
the snow to the side of the runway. Once the
turning is required by the Task Allocation process,
the positions of followers are changed to the more

time: 0s

(a) The initial formation appropriate for the snow sweeping.

time: 2.5s

(b) The transformation between
the sweeping and the turning
formations.

time: 8s

(c) The compact shape appropriate
for turning.

time: 9.75s

(d) The formation in the turning
maneuver.

time: 17.5s

time: 10.5s

time: 13s

(e) Time of taking command by
the second virtual leader.

(f) Time of switching the leadership (g) The transformation between the
turning and the sweeping
back to the first virtual leader.
formations.

time: 21s

(h) The ploughs converge back to the previous shape of the formation.
Fig. 11 The U-turn of snowploughs at the end of a runway
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compact shape and the formation is switched into
the moving mode. The stabilization of the group
in the new desired shape and the coordination
of followers during the transformation between
the shapes are realized via the trajectory tracking
mechanism presented is Section 4.3. To transform
the turning task into the concept presented in
this article, the target region needs to be placed
sufficiently far behind the formation. Considering
the asymmetry vmin,L = −vmax,L /2, the optimal
solution of the trajectory planning problem from
Eq. 5 is to turn the formation and then continue
forward to reach the desired area. Such a maneuver, which contains two times switching between
the virtual leaders, is denoted by dashed curves
in Fig. 11a. The solution of this task keeps the
formation outside the obstacles during the whole

Fig. 12 Snapshots of
turning 180 degrees with
the same initialization
like in Fig. 11 but in an
environment with static
and dynamic obstacles

maneuver. The control inputs during the transition between different shapes of the formation
have been obtained automatically using the presented formation stabilization approach. Only the
parameters pi and qi have been assigned before
the mission. The complete history of the turning
can be seen in Fig. 11h.
In the last simulation (Fig. 12), three new obstacles have been added to the scenario from
Fig. 11. The experiment has to verify the ability of
the system to respond to suddenly appearing and
dynamic obstacles in the moving mode. A collision
free plan that solves this task is presented in the
snapshot 12a. In the next snapshot, one can see
the update of the plan of followers as a reaction
to the movement of the obstacle on the right. The
formation is temporarily forced to slightly change

Actual time: 0

(a) The initial position of the formation with a complete plan for both
virtual leaders denoted by a dashed curve.
Actual time: 6

(b) The detection of the movement of one obstacle and the
consequential reaction of the
followers.

Actual time: 7.5

(c) The followers successfully
passed by the obstacle and they
are going back to their positions
within the formation.

Actual time: 15.75

(d) The accomplished task with denoted trajectories of the robots.
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Fig. 13 Formation
turning at the end of a
blind corridor using the
moving mode

t=0s

(a) Two indoor robots in positions
appropriate for cooperative
shoveling materials to the side.

t=41s

(c) The second "plough" is overtaking the leadership.

t=17s

(b) Robots have changed formation to a shape appropriate for
turning.

t=73s

(d) The leading duties are going
back to the first robot.

t=98s

t=115s

(e) The formation has finished
the turning maneuver.

(f) Robots are again ready for
shoveling.

its shape (the snapshot 12c) and it avoids the
obstacle. Movies of experiments and simulations
presented in this article can be seen in [33].
6.2 Hardware experiments
This section describes the hardware experiments
that were carried out with the G2Bot testbed.1
The G2Bot robotic platform is equipped with
odometry and wireless communication, which has
been used for distribution of data necessary for
the formation stabilization. Control inputs have
been computed on-line on robot’s internal PC.
The formation driving algorithm introduced in
Section 4 has been used with settings M = 8, N = 4,
n = 2, α = β = αi = βi = 1 and t = 1s. Since the

1 The G2Bot is a differential drive robot with a function
emulating car-like robot kinematics.

maximal speed of vehicles has been limited to
0.1m/s, the distance between two transition points
is approximately 0.2m. This is roughly one third
of the total length of robots which is proposed
as an optimal setting in literature (see e.g. [35]).
Time difference between two subsequent planning steps is nt = 2s. Maximal computational
time needed for the leader or followers replanning
has been 1.76s in MATLAB environment on the
internal 1.2 GHz PC with 1GB RAM. Therefore,
the plans could be computed on-line during the
movement of robots. We should mention that the
first initial plan before the mission was obtained
in approximately ten seconds. The consequence
replanning has been significantly shorter, because
the optimization is only employed for adapting
the previous solution in accordance with the new
situation.
The first experiment (see snapshots in Fig. 13,
data from odometry in Fig. 14 and a movie of
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the experiment in [33]) is a simplified version of
the snow shoveling scenario presented in Fig. 11.
Here, the formation consists of two autonomous
robots situated in positions appropriate for snow
shoveling with parameters p1 = 0 m, q1 = −0.6 m,
p2 = 0.8 m and q2 = 0 m. The plan of robots is as
follows: 1) build a compact formation appropriate for turning (parameters p1 = 0 m, q1 = 0 m,
p2 = 0.6 m and q2 = 0 m), 2) turn 180 degrees
and 3) return back to the shoveling formation.
The transitions between the different formations
as well as the turning manoeuvre are computed
automatically using the methods presented in this
article. Only the positions of vehicles within the
formations (safety distances, required overlapping
of shovels etc.) are given by experts.
Snapshots from additional experiments of the
airport snow shoveling project, that has to verify
the presented formation driving concept, can be
seen in Fig. 15.

100

time [s]

(b)
Fig. 14 Data captured from the odometry of both robots
during the U-turn manoeuvre. The vertical dash-dotted
lines depict times of snapshots in Fig. 13

7 Conclusion
A formation driving strategy designed for autonomous snow ploughs that are cleaning airport

(a) Robots of Czech Technical University in Prague autonomously cleaning an "airport" using the sweeping mode.

(b) Snapshots from an experiment of the outdoor autonomous snow shoveling with the Pioneer platform in a city
park. Positioning of the robot is realized using a vision system [23] developed at CTU in Prague.
Fig. 15 Snapshots from snow shoveling hardware experiments with different multi-robot platforms

260

runways was presented in this paper. The system enables to control the robots in the sweeping and moving modes. In the sweeping mode,
the snow-plough formations are capable to completely cover the surface of runways by following
their axes. The moving mode is important for
autonomous design of manoeuvres required for
displacement of the formation into the position
of the next sweeping task. Besides, the turning
on the spot in a scattered environment is enabled
for large formations in the moving mode. This
is an important skill of the system that enables
to turn the sweeping formations at the end of
blind runways or in a case of runways blocking.
It was shown that the developed methods may be
employed in environments with dynamic obstacles
and that they are tolerant of robot’s failures. The
convergence of the control mechanisms using both
modes were verified by the presented proofs and
by numerous simulations and experiments.
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