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Abstract— Robot path planning problem is one of most important task mobile robots. This paper proposes an original approach
using a path description by string of cubic splines. Such path is
easy executable and natural for car-like robot. Furthermore, it is
possible to ensure smooth derivation in connections of particular
splines.
In this case, the path planning is equivalent to optimization of
parameters of splines. An evolutionary technique called Particle
Swarm Optimization (PSO) was used hereunder due to its’
relatively fast convergence and global search character.
Various settings of PSO parameters were tested and the best
setting was compared to two classical mobile robot path planning
algorithms. Algorithm was verified in environment of robotic
soccer.

I. I NTRODUCTION
All obstacle avoidance approaches find a path from an actual
position S of the controlled robot to a desired goal position
G, with respect to positions and shapes of known obstacles
O. While all these parameters stand as the inputs of the
algorithm, the output can be either an optimal trajectory from
S to C or direction from the actual position respecting locally
optimal trajectory. The penalty function to be minimized by the
planning algorithm consists of two parts. While the first one
evaluates a length of the trajectory (or time needed to execute
the trajectory), the second part ensures safety of the path
(i.e. distance to obstacles). To find an acceptable compromise
between these requirements stands for core problems of the
obstacle avoidance itself.
Many different algorithms for obstacle avoidance were
previously mentioned in the robotic literature [10], [2], [13].
Unfortunately, most of the methods provide only set of points
as an output what causes problem with trajectory execution
by the robot. Some authors use two types of methods solving
this task. The robot could be controlled along line segment
connecting these points, but at the cost of discontinuous
motion. The robot must stop in each end of the line and
continue after adjustment its’ heading. The other way is to
interpolate the points by a function that is advantageous for
movement [12], [15]. It makes possible to achieve the goal
point faster, but the trajectory is not optimal in terms of the
obstacles and must not be necessarily collision free.
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Our novel approach, developed for robotic soccer, optimizes
directly the function that describes the desired path. Parameters
of the function could serve as inputs of a control module and so
the next postprocessing is not necessary. The Ferguson cubic
spline was chosen as the function that describes the trajectory,
because it has easy geometric interpretation. It could be used
for the next innovation of algorithm, mainly his initial part.
Particle Swarm Optimization (PSO) was used as optimization
method, because it has interesting results in situations with
local minima. This method is relatively new and it has never
been used for solving similar problems. Standard iterative
method can not be used in real time application, because the
searched space has too high dimension (see [11]).
The rest of the paper is organized as follows: Description
of the collision avoidance algorithm including subsections on
Ferguson splines, particles coding, fitness function and PSO is
presented in the second section. Experimental results in section
3 partly show influence of settings of the algorithm and also
compare results of the algorithm with standard methods used
in robotic soccer applications.
The most widely used collision avoidance method in the
robotic soccer is the Potential Field [8]. It minimizes a
penalty function Z that consists of two components describing
influence of the obstacles in the workspace and the intention
to go to the desired point. The repulsive one discriminates
paths that are close to obstacles - it has a maximum in a
center of each obstacle and decreases with a distance. The
other part is an attractive component having minimum in the
goal of the robot and uniformly growing with a distance to
the goal. The biggest drawback of this approach is that the
optimization procedure can finish in a local minimum and
therefore a globally optimal path is not guaranteed to be found.
The second approach, used for verification of the results,
was a Visibility Graph [9]. The method constructs a Visibility
Graph (VG) of vertices of polygons representing obstacles.
It means that two vertices are connected in VG if there are
mutually visible. A shortest path is then determined using
standard Dijkstra algorithm [5]. The path found by this algorithm is typically close to the obstacles, which can lead to
collision because physical robots cannot follow the planned

path precisely. Growing of the obstacles by a certain size can
solve this problem, but it is not clear how to determine this
value in an optimal way.
Algorithms Potential Field and Visibility Graph were used
for verification, because they are very common and they can
clearly describe qualities of the presented algorithm.
II. M ETHODS
A. Ferguson splines
The cubic Ferguson splines [18] were used as a model path
of the robot due to their advantageous. Splines are natural
for robot movements, they can be easily implemented and
could be smoothly connected together. Ferguson spline (arch)
is defined by equation:
k : X(t) = P0 F1 (t) + P1 F2 (t) + P00 F3 (t) + P10 F4 (t),

(1)

where t ∈< 0, 1 > is parameter, Pi , Pi0 are vectors that define the spline in the space and F i are Ferguson multinomials
described by
F1 (t) = 2t3 − 3t2 + 1
F2 (t) = −2t3 + 3t2
F3 (t) = t3 − 2t2 + t
F4 (t) = t3 − t2 .

(2)
(3)
(4)
(5)

The equation 1 implicates that vector P0 corresponds to
beginning point X(0) of spline and terminal point X(1) is
equal to vector P1 . Value of points P00 , P10 is simply obtained
by substitution of derivations
F10 (t)
F20 (t)
F30 (t)
F40 (t)

= 6t2 − 6t
= −6t2 + 6t
= 3t2 − 4t + 1
= 3t2 − 2t.

(6)
(7)
(8)
(9)

B. Particle Swarm Optimization
The PSO method is one of optimization method developed
for finding a global optima of some nonlinear function [6]. It
has been inspired by a social behavior of birds and fish.The
method applies the approach of problem solving in groups.
Each solution consists of set of parameters and represents
a point in multidimensional space. The solution is called
”particle” and the group of particles (population) is called
”swarm”.
Two kinds of information are available to the particles. The
first is their own experience - they have tried the choices
and know which state has been best so far and how good it
was. The other information is social knowledge - the particles
know how the other individuals in their neighborhood have
performed.
Each particle i is represented as a D-dimensional position
→
vector −
x i (t) and has a corresponding instantaneous velocity
→
vector −
v i (t). Furthermore, it remembers its individual best
→
value of fitness function and position −
p i which has resulted
in that value.
During each iteration t, the velocity update rule (12) is applied on each particle in the swarm. The pg is the best position
of the entire swarm and represents the social knowledge.
−
→
→
v i (t) = w−
v i (t − 1) +
−
→
→
+ Φ1 ( p i − −
x i (t − 1)) +
−
→
−
→
+ Φ2 ( p g − x i (t − 1))

The parameter w is called inertia weight and during all
iterations decreases linearly from wstart to wend . The symbols
Φ1 and Φ2 are computed according to the equation (13), where
j = 1, 2. The parameters ϕi are constants that weight influence
of particles’ own experience and the social knowledge. In our
experiments, the parameters were set to ϕ1 = 2 and ϕ2 = 2.
The rjk , where k = 1 . . . D are random numbers drawn from
a uniform distribution between 0 and 1.


rj1 0
0


Φ j = ϕj  0 . . .
(13)
0 
0

in the equation 1 instead Fi (t). P00 is then tangent vector in
the beginning point P0 and P10 is tangent vector in the terminal
point P1 . This implementation of the cubic functions enables
to connect two splines by a simple rule. If we have the other
spline:
0

0

k : X(t) = P 0 F 1 (t) + P 1 F 2 (t) + P 0 F 3 (t) + P 1 F 4 (t). (10)
The continuity of the first derivation in the connection
0
between splines k and k is guarantied by following identities:
0

P1 ≡ P 0 , P10 ≡ P 0

(11)

.
The continuous first derivation is necessary for smooth
movement of mobile robot.

(12)

0

rjD

Next, the position update rule (14) is applied.
−
→
→
→
x i (t) = −
x i (t − 1) + −
v i (t)

(14)

−
If any component of →
v i is less than −Vmax or greater
than +Vmax , the corresponding value is replaced by −Vmax
or +Vmax , respectively. The Vmax is maximum velocity
parameter.
The update formulas (12) and (14) are applied during each
iteration and the pi and pg values are updated simultaneously.
The algorithm stops if maximum number of iterations is
achieved or any other stopping criteria is satisfied.
C. Particle description and evaluation
Problem of path planning for a car-like mobile robot can be
realized through a search in space of functions. We reduce this
space to sub-space containing only strings of cubic splines.
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Each particle consists of vector of parameters of splines.

Mathematic notation of spline k (equation (1)) in 2D space
could be:
f (t) = ax t3 − bx t2 + cx t + dx
g(t) = ay t3 − by t2 + cy t + dy ,

(15)
S

where a, b, c, d are constants defined by equations
= 2P0 − 2P1 + P00 + P10
= −3P0 + 32P1 − 2P00 − P10
= P00
= P10 .

(16)
(17)
(18)
(19)

Each spline is defined only by points P0 , P1 and vectors
P00 , P10 . According to equation (11), every two neighboring
splines in the string share one of the terminal point and
corresponding vector. Total number of variables that defines
the whole trajectory in 2D is 6n, where n is the number of
splines in the string. Structure of each particle that we used
for optimization is shown in Figure 1.
One of the most important parts of evolution algorithms
is to find good evaluation of the particles. Global minimum
of this function could correspond to smooth trajectory that is
safety (i.e. sufficient distance to obstacles), but it is not too
long. The trajectory could be similar to a path found by a
human operator. Optimization function must strictly penalizes
the trajectories that cause collision with obstacles.
For our PSO algorithm, fitness function in this form was
used:
l
α
f=
+ ( )2
(20)
lM IN
d
where constant lM IN is Euclidean distance between actual
and desired robot position, α is constant that determine the
influence of the obstacles and variables l and d describe
qualities of the each particle.
Concretely l is length of the trajectory computed by equation:
Z 1p
l=
(f 0 (t))2 + (g 0 (t))2 dt
(21)
0

and d is minimal distance between trajectory and the closest
obstacle:
q
(f (t) − ox )2 + (g(t) − oy )2 ,
(22)
d = min min
o∈O t∈<0;1>

where functions f , g are defined by equations (16) and O
is set of all obstacles in the space of the robot.

Fig. 2.

Influence of setting of parameter α to final trajectory.
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Fig. 3. Progression of the best particle with different setting of parameters
Vmax .

III. R ESULTS
The presented planning approach was tested in two experiments. In the first experiment we studied an influence of
different PSO algorithm parameters, while in the other one we
compared the algorithm with other methods (Potential Field
and Visibility Graph) used in robotic soccer domain. In the
last section is described evolutionary process solving situation
with very ”strong” local minimum.
A. PSO parameter tuning
In this section, an influence of different settings of the
constant α in equation (20) on algorithm behavior is presented.
Looking at the Figure 2, several remarkable facts can be
observed. First of all, the higher the α, the longer is the generated path. It is caused by increasing influence of obstacles,
which ”pushes” the path into the free space. Thanks to this,
distance d from all obstacles as well as number of collisions
decreases with increasing α. The population size was 15 in
all experiments. The stopping criterion as maximum number
of iterations equals to 30.
The other part of PSO parameters tuning describes our
endeavor to find the best setting of parameters in equation
12. 350 runs of each experiment were used and averaged
results were used. Experiments with different values of these
constants showed that the biggest influence over the results

TABLE I
VALUES OF FITNESS FUNCTION OF THE BEST PARTICLE AFTER 100
ITERATIONS . PARAMETERS Vmax AND wstart WAS CHANGED .

wstart:

Fitness

2.75
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1
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Vmax
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2.55
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wstart
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1000

0.2
0.4
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0.8
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2.7406
2.7097
2.6611
2.6429
2.6273

2.6520
2.6182
2.5966
2.5922
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2.6038
2.5870
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2.5738
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2.5716
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2.5664

Fig. 4. Progression of the best particle with different setting of parameters
wstart .

have Vmax and wstart . This part of experiments is described
in table I that contains the values of function 20 after 100
iterations. The algorithm searched for the minima of the
function. It stands to reason that the optimal setting is Vmax =
250 and wstart = 0.6. Therefore, if not noted otherwise, the
following setting of algorithm parameters was used Vmax =
250, Vmin = 0, wstart = 0.6, wend = 0.2 and α = 60.
The Figure 3 demonstrates an influence of parameter Vmax
on the PSO training curve. The parameter has the beneficial
effect of preventing swarm explosion and scaling the exploration of the particle’s search [7]. The size of the parameter
should correspond to the range of variables represented by the
particle. The training curves for five different settings were
measured in order to find an optimal value.
The figure shows, that the best result was obtained for
Vmax = 150, which is approximately 1/7 of the work
space of robots. If the value is too small, the convergence
is slow. Furthermore, it is more difficult for particle to escape
from local minima. On the other hand, when the maximum
velocity was too big, the particles had difficulties with fast
and accurate achievement of the searched minima. Although
the convergence for Vmax = 250 was just as fast as for
Vmax = 150 during first 15 iterations, the curve further
decreased more slowly and after 100 iterations, the solution
was still worse than in the previous case.
The Figure 4 depicts an influence of the initial setting of
inertia weight w. The degression was linear from wstart to
wend = 0.2. The inertia weight introduces the preference for
the particle to continue moving in the same direction it was
going on the previous iteration. The time decreasing inertia
induces shift from an exploratory to an exploitative mode.
During the exploratory mode with big value of w, the particles
prefer the wide exploration of the search space. The decreasing
of the coefficient value narrows the search which enables better
approaching the minima in area found during the exploration.
The process described above can be seen in the figure. The
swarms with small initial inertia weight converged relatively
fast at the beginning of optimization, however, during the time
they lost population diversity and their particles were stuck in
local optima. It causes worst final results. The big initial inertia
weight could also reach good or even better result, however,
the process is too slow, which is especially unsuitable for our
purpose.
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Standard situation in robotic soccer solved by different approaches.

B. Comparison
In this section we describe comparison results of our algorithm with two standard methods described above - Potential
Field and Visibility Graph.
Figure 5 describes solutions of all algorithm for typical
situation in the robotic soccer setup. Algorithm using spline
founds short and smooth trajectory only with 30 iterations of
PSO. Each population contained 15 particles. Robot using VG
was able to follow the shortest trajectory, but due to sharp turn
it had to go very slowly else it could have crashed into the
obstacle. Path obtained by the Potential field method is the
longest one in the experiment and furthermore contains small
oscillations close to local extreme of the function Z (in the
figure marks by LE).
The other Figure 6 (situation with long wall) shows common
test case of diverse path planning algorithms. This situation
demonstrates that the Potential Field approach does not find
a trajectory in all situations (even in the case a collisionfree trajectory exists), because its’ optimization process can
remain in a local extreme. Potential Field that tries to avoid
the local minimums is mentioned in [3], but this algorithm
loses the biggest advantage of the PF - small computational
time. The PSO method succeeded to avoid the obstacle wall,
even a collision free path did not exist in the initial population.
Algorithm needed 50 populations with 15 particles in each in
this case.

0

(a) Initial population.

20

(b) Population after 20 iterations.

41

39

(c) Population after 39 iterations.

(d) Population after 41 iterations.

53

(e) Population after 53 iterations.

100

(f) Final solution after 100 iterations.

Fig. 7. Swarm evolution shown on a situation with long obstacle that can illustrate local extreme avoiding. The best article in the each population is drawn
by thick line.
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IV. D ISCUSSION AND CONCLUSIONS
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population (only 10 particles).
In the Figure 7(a) is drawn the initial population that was
randomly generated in the work space. The smallest value of
fitness function has the shortest trajectory, because collision
free particle is not included in the swarm.
The next figure 7(b) shows population in the exploratory
mode (big value of w). Particles can ”flight” almost all over
the work space and so overcome local extreme.
Due to the small population the better solution is founded as
late as the 39th population (see Figure 7(c)). This trajectory is
already around the obstacle and it causes big fitness function
value drop (see Figure 8).
In the next optimization steps are the particles attracted
to this new best position and therefore the value of fitness
function is very reduced even within two iterations (see Figure
7(d)).
From this moment we can speak about exploitative mode
(smaller value of w). The solutions are improved only little,
but very often. (one of them is shown in the Figure 7(e)).
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Fig. 8. Best particle progression in the evolutional process shown in Figure
7. Marks accordant with chosen populations on the pictures.

C. Evolutional process study
In this section the ability of PSO to overcome local extreme
is shown. Work space of the robot with very long obstacle
was used, because fitness function in this situation contains
local minimum. Particle with this value of fitness function
corresponds to a straight line connecting actual and goal position and so it causes collision with obstacle. This minimum
has very strong influence on the evaluation process, because
most of the particles in the randomly initialized population
can be situated in this area. Furthermore the initial population
does not contain a particle close to global extreme (trajectory
around the obstacle) very often.
Evolutional algorithms used for finding optimal trajectory
of mobile robot [14], [16], [17] often fail in this case and
collision free path is not found. Figure 7 illustrates why the
PSO algorithm could be successful. The algorithm in this
case needs more populations than the solution described in
the Figure 6, because for the better lucidity was used smaller

In this paper, a novel collision avoidance method was
described. It uses PSO for optimizing the Ferguson splines.
In comparison with other optimization methods, the PSO
technique enables to overcome local optima. The method was
verified in situations of robotic soccer and compared with
standard methods mentioned in the literature - Visibility Graph
and Potential Field.
The algorithm is useful for finding an optimal path in
the area of mobile robotic. The path is smooth and so easy
executable by the robot. Other important advantage is the
ability to find the trajectory if a free path without collision
does not exist. Like in a real life, in the robotic soccer holds
bad decision is better than no decision, because the robot can
shift the obstacles. This approach is also able to set weight
for safeness (distance to obstacles) and optimality (length) of
the path. It is crucial for robotic soccer, because for example
intention to avoid obstacles for defender is smaller than for
attacker that is not allow to charge the opponent goalkeeper.
In the future, we would like adapt algorithm for using in
more dynamical environment. At present if the situation in
the robot space is changed, algorithm is restarted. Our idea
is to use the old population and continue with optimization
of partly changed fitness function. It supposes a modification
of algorithm that must keep diversity of population. Such
approach makes possible to fast respond for sudden changes
in the robot environment.
Other stream will be focused on testing and comparing other
optimization approaches (e.g. genetic algorithms, simulated
annealing). We also plan to adapt PSO for this special task.
The main idea is to use the pleasant feature of the Ferguson
splines. The control points lie on the trajectory (opposite e.g.
in robotic often used Coons curves [4]) and it is possible to put
the initial population e.g. on the shortest path in Voronoi Graph
[1]. This innovation reduce the computational time, because
the exploratory mode can be skipped.
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